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la. Prove the following: If (|vo) = 0, then (Y|H|yY) > E,,
where E) is the energy of the first excited state, 1 is the ground
state, and 1 is any other state (not necessarily an eigenstate). You
may assume the eigenstates are nondegenerate and orthonormal.

1b. Find the best bound on the first excited state of the one-
dimensional harmonic osc1llator using the trial function ¥(z) =
Aze~",

2. Consider a particle moving in a square well potential V(z) =
W for 0 < £.< a and oo everywhere else.

2a. Derive the energy eigenvalues F, and their correspondlng
eigenfunctions ¥, (z).

2b. A small perturbation Vi = aUé(z — a/2) is added, where U
is a constant with the dimensions of energy. Calculate the energy
shifts of all the levels E,, to first order in U.

2c. Find the ground state energy to second order in U. You may

find the identity ¥32, s=ig; = 1 useful.

3. Consider a potential of the form V(z) = —aé(z), where é(z)
is the usual Dirac delta function.

3a. Find all bound states (E < 0) of this (one-dimensional)
potential and their energies. (Hint: What is the condition on the
derivative of the wavefunction at z = 07)

3b. A beam of particles represented by the plane wave Ae*< is
incident on the delta function from the left. Find the fraction of the
particles transmitted and the fraction of the particles reflected.



4. Consider the hyperfine splitting of the Hydrogen atom in
a uniform magnetic field B. Assume the Zeeman shift is of the
same order as the hyperfine shift. Take the perturbation to be
ASg - Sp — e+ B, where pe = %. Find the energy shift of all
four n = 1, I = 0 levels. You do not need to work out the new
eigenstates created by lifting the degeneracy.

5. Consider a particle constrained to move in a circle of radius
b. Concentric with the circle is a long cylindrical solenoid of radius
a< b with magnetic field B inside.

5a. Fmd the vector potential (in the Coulomb gauge V - A = 0)
outside the solenoid.-

5b. Write down the Hamiltonian for this system. Find its eigen-
functions and their energies. The gradient in cylindrical coordinates

is
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