Physics 100a, Final

Show all work for full or partial credit. Always justify your answer. Each-question
or part of a question is worth 5 points, for a total of 100.
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1 A thin rod lies along the z axis interval 0 <z < L the rod carries linear charge
density Mz) = kz.
a) Evaluate exactly the potential for general height z along the 2 axis: ¢(F = 23).

- b) Find the total charge @ and dipole moment ' of the rod.

2. A conducting sphere, of radius R, is in an external electric field E.py = Eo3.
a) Find the potential ¢(r,) everywhere. |
'b) Find the electric field E (in spherical coordinates) just outside the conductor, at
r = R. Draw a picture of the conductor, and this electric field just outside of it. Draw the
electric field lines as arrows, mcludmg their direction. (As a check, you can compare the
dlrectmn of these arrows with where you expect there to be positive or negative charges. )
| ¢} Suppose that a , cut is made at the equator of the conductor (at z = 0). How much
force is requu'ed to hold the two hemispheres together‘? _ '
d) Supposé now that a cha.rge g is deposited on the conductor Now find the new
potentm,l everywhere. |
e) With the charge ¢ on the conductor and the E.,;, find the charge density 0(6) on

the conductor’s surface.

3. A coﬁducting sphere of radius R has two spherical hollows cut out of it. The first
hollow is of radius e; and it contains a charge ¢; the second hollow contains a charge
g2 and is of radius ay. Both charges are smack dab at the center of their hollows, and
their separation from each other is b. '

a) Find the surface charges at each surface of the conductor: ‘the outer surface of
radius R and the two mner sphériéal sﬁrfaces, of radii a1 and a,.

b) What is the force of attraction between charges ¢; and ¢37

¢) How much work is required to bring a charge g3 in from infinity, to the outer
conductor’s surface at radius B? -

d) Now the outer surface of the conductor (at radius R) is grounded. Write down
which of the above answers to the previous parts change, and what all the new answers

are for all changed .qué.ntities asked about in the previous parts.

4. A charge q; is at 7 = a2, another charge, also equal to ¢, is at ¥ = afj, and a charge
—2g; is at the origin. Approximately how much work is required to take a charge g;
- from initial position 7; = A2 to final position 7y = A(Z — §), assuming that A >> a?

(Approximate by working to leading non-zero order in the appropriate expansion).




5. Consider two coaxial conducting cylinders, infinitely extending along the z axis, the
inner one of radius s = a and the outer of radius s = ¢. The space ¢ < s < b
is filled with a dielectric of permittivity ¢;, and the space b < 5 < ¢ is filled with
a dielectric of permittivity e;. The inner conducting cylinder (radius @) has a free
charge density Gipner = A/27ma, and the outer one (radius ¢) has a free charge density
Touter = —A/2mC.

a) Find the electric field E everywhere between the cylinders.

b) Find the polarization P of both dielectrics.

¢) Find the bound charge density ¢® .., at radius b, where the two dielectrics meet.
(As a check, you should find that this vanishes if €; = e;).

d) How much energy is stored in this system per unit length? Compute the energy
which is appropriate for a system with the dielectrics initially present (which includes the

"spring energy” of the polarized material in the dielectrics).

6. A conducting sphere of radius a is surrounded by a spherical shell, of radius b (with
b > a). The region between e and b is empty space, and the outer shell, of radius b,
has negligible thickness. The outer shell, which is an insulator, carries some charge
density c,,:(6) (8 is the angle from the z axis, of spherical coordinates). The outer
shell is measured to have voltage (relative to that of infinity) equal to 1V (3 cos? §—1).
a) Find the potential ¢(r, ) for all r.

b) Find the surface charge 0,,:(0) on the outer insulating shell.

¢) How much work is required to bring a point charge g in from r = oo to the location

r=ri?

7. Consider a semi-infinite, rectangular conducting pipe, with bounding faces at z = 0,
z=2a,y=0 y=2> and x = 0. The first four of these boundaries are at zero
potential. The boundary at z = 0 (which isn’t actually a conductor) has potential
given by ¢(z,y,0) = Vysin(nz/a)sin(ny/b) for 0 <z < @ and 0 < y < b. Find the
potential ¢(x, y, z} everywhere within the pipe, ie. allz > 0,0 <z <agand 0 <y < b.
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