Averaging Data

Random errorscan bereduced by repeated measur ements while systematic errors
usually cannot. ¢ (x)
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Thebest estimate of the true value of a quantity to be measured isthe average.
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We can also estimate sigma.
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Theerror on the mean decreases with the squareroot of the number of measurements.
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Example: Average R from 38 Students

a0.3

40,2
279
279

288
279
281
273
a0.4
25T
29,0
29.5
2749
26.7
2B
275
29,0
279
B8
29.0
300
290
283
282
28.5
a0
305
0.5
300
29.7
anT
296

ans
28.6

300

300

2r7
29
1.1

4124
4592
4728
4796

45996
5027
S0EE
5106
5154
5618
sTI7
SB48
SB5E
SBB4
S8a7
o882
63359
G351
GE33
GVE1
G797
==y
G334
Go65
T084
7135
7209
7208
7225
7288
7409
THOZ

TT84
7972

7421
Tire
9857
G191
1090
G3TD

3756

3800
4244
4410

4501
4620
4690
4118
4764
5190
5132
5252
5270
5400
5311
5523
5700
5790
6230
BEE0
6200
G200
G200
5338
6370
5420
G432
65455
5422
G624
6630
GHZE

T100
TEE0

8263
B840
BE0E
STEE
1088
5370

Data Summary
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R=6191 km.

TrueR 1s6370.

0=1090 km for each

measur ement.

Error on mean should be
167 km (using 38
Independent measur ements.
Truedeviation from
expectation 1Is1/9 km. (1.07
o off) (C.L.=28%)
Theredoesnot seem to be a
common systematic error
which Isdominant.



Standard Normal (Gaussian) Distribution
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X and o are parameters of the Standard Nor mal Distribution.

X isthetrue mean of thedistribution. (truevalue)

o isthe RMSwidth of thedistribution. (measurement error)

X iIstheindependent variable. (measured value)

P isthe probability (of measuring x).

Central Limit Theorem: When we combine many measurements
or sourcesof error, all probability distributions approach a

Gaussian. B
aussian e %
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T(x — X)*P(x)dx = o



Probabilities in the Normal Distribution

Table A. The percentage probability,

Prob(within ta) = if;ﬁ:GX,g(x)dx,
as a function of £ X-1o X X+io

t 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.00 0.80 1.60 2.39 3.19 3.99 4.78 5.58 6.38 7.17
0.1 7.97 8.76 955 1034 1113 11.92 1271 13.50 14.28 15.07
0.2 15.85 16.63 1741 18.19 1897 19.74 2051 21.28 2205 2282
0.3 23.58 2434 2510 2586 2661 2737 2812 28.86 29.61 3035
0.4 31.08 31.82 3255 3328 3401 3473 3545 36.16 36.88 37.59
0.5 38.29 38.99 39.69 4039 41.08 41.77 42.45 4313  43.81 44.48
0.6 45.15 45.81 4647 4713 4778 4843 4907 4971 50.35 50.98
0.7 51.61 5223 5285 5346 5407 54.67 5527 5587 5646 57.05
0.8 57.63 5821 5878 5935 5991 6047 61.02 61.57 6211 62.65
09 63.19 63.72 6424 64.76 6528 65.79 66.29 66.80 6729 67.78
1.0  68.27 68.75 6923 69.70 70.17 70.63 71.09 7154 7199 7243
1.1 7287 7330 7373 7415 7457 7499 7540 75.80 7620 76.60
1.2  76.99 77.37 7775 7813 7850 7887 79.23 79.59 7995 80.29
1.3 80.64 80.98 81.32 81.65 8198 8230 82.62 8293 8324 83.55
1.4 83.85 84.15 8444 8473 8501 8529 8557 85.84 86.11 86.38
1.5 86.64 86.90 87.15 8740 87.64 87.89 8812 88.36 88.59 88.82
1.6 89.04 89.26 89.48 89.69 89.90 90.11 9031 9051 90.70  90.90
1.7  91.09 91.27 9146 91.64 91.81 9199 9216 92.33 9249 9265
1.8 9281 9297 9312 9328 9342 9357 9371 93.85 93.99 94.12
1.9 9426 94.39 9451 9464 9476 94.88 95.00 95.12 9523 9534
2.0 9545 9556 9566 9576 95.86 9596 96.06 96.15 96.25 96.34
2.1 9643 96.51 96.60 96.68 96.76 96.84 96.92 97.00 97.07 97.15
22 9722 9729 9736 9743 9749 9756 97.62 97.68 97.74 97.80
23 97.86 9791 9797 98.02 98.07 98.12 9817 9822 98.27 98.32
24 98.36 98.40 98.45 9849 9853 9857 9861 98.65 98.69 98.72
2.5 98.76 98.79 98.83 98.86 98.89 9892 9895 98.98 99.01 99.04
2.6 99.07 99.09 99.12 9915 99.17 9920 9922 99.24 9926 9929
27 9931 9933 9935 9937 9939 9940 99.42 9944 9946 99.47
2.8 9949 99.50 9952 9953 99.55 9956 99.58 99.59 99.60 99.61
29 99.63 99.64 99.65 99.66 9967 99.68 99.69 99.70 9971 99.72
3.0 99.73
3.5 9995
4.0 99.994
4.5 99.9993
5.0 99.99994

* Probability to liewithin plus or
minust standard deviations of
the mean istabulated.

* |t may becalled the Prob
function on your calculator.

 Wewill usethisfor reection of
data and calculation of
confidence levels.
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Example: Confidence L evel

Two students measure the Radius of the planet. Student A gets
R=9000 km and estimates an error of =600 km.

Student B get and estimatesan error of .
Whisthe probability that the two measurementsthat the two
measur ements would disagree by more than this?

( — Rl i Rz — 3000;{5'??

o, = o1+ 0} = 1170km

We are 2.56 standard deviations off. We can look up how unlikely
that is(Confidence Levd) in thetable. 98.95% of measurements
should becloser than these. C.L.=1.05%.



The Principle of Maximum Likelihood
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We can choose the best estimate of X by maximizing L.
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At max, 9x 0 which gives X=X.

We can also derivethe addition of errorsin quadrature
but thisisa more sophisticated derivation.

Wederivetheerror on the mean ssmply by propagating errors.
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