M easur e the M ean Density of the Earth

* Measure earth’s radius (curvature) plus local g.

* Use Newtons contstant G=6.67 X 10

* Calculate average densityp and determine which element(s)
constitute the major portion of the earth.
Aim for error on p of 1% to 10%.
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M easure Radius of Earth from At
Sunset at Cliffs R,
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Time Delay of Sunset at Height h
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an alternative way to get | is

' \ T by triangularion

h =1cos(6)
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M easuring the Height of the Cliff




We need to know the error on our measur ements
If they areto be useful.

- Random Errorscan be estimated and reduced by
repeated measurements. They can also be estimated
by using sensible arguments (1/2 the finest scale
reading...). Statistical (random) errorsare well
studied.

« Systematic Errorsare harder to estimate and reduce.
They come from miscalibrations, neglecting (small)
corrections, mistakes.

- For either typeof error, we need to know how to
propagate our errorson a measured quantity into
errorson aderived quantity.




Error Propagation
Measure x,y,z and derive

guantity g and itserror oqQ.

g=X+y+<2

00 = OX + Oy + Oz don’t know sign of ox.

og = |ox| + [oy| + |0Z] worst case.

oq = \/‘5)(‘2 + |dyf +|&zF independent random
errors.

g =Xy

q+0g = (X +0x)(y + 0y) = Xy + X0y + yox
0 = XAy + YOX
oQ = M OOy)* + (YOX)?




Summary of Error Propagation

Jq dq
For a=q(x,y), = |(=—0x)2 + (—0+)?
J'il \ (axg ) Ll ( 9 'j}")

where oxistheRMSerror on x (standard deviation)...

For product (g=xy) and ratio (g=x/y), fractional errorswork

0a, _4a . . Oq  |({0x\? Oy i
because |5y| » impliesthat __\(_) +[_)

q X y
. . _ 4
For higher powers, fractional errors don’'t work simply. V = E”H
give: 7V _ g%t
Vv r
Anglesin trig tunctions must bein radiansfor error propagation.

We can also propagate errorsusing a calculator by changing x
(then y) by 1 sgma and computing changein @.



More Examples of Error Propagation

Powers Trig. Functions
a(z,y) == h = L cos(6)
x, ;

Sh = /(cos(8)1)% + (Isin(8)66)?

Exp. 1 Function

Cc |
RE: (w t}zt\/m—

_ S(At) Ao, ‘ C :
Mf:l‘\,(lﬂ AT j (wflﬁ [y .'I.l] -.jfujﬂ."n) - ([M XIE HJ’H '.I.Jr.! rfh".')



Averaging Data

Random errorscan bereduced by repeated measur ements while systematic errors
usually cannot. ¢ (x)

A

Pt

X-oc X X+o
Thebest estimate of the true value of a quantity to be measured isthe average.

VIR TR
3| =y 2L
I1i=1
We can also estimate sigma.
1 1 =
S (w: — %2
Ox = |- 2w 1) X |
\n — 1 i=1
Theerror on the mean decreases with the squareroot of the number of measurements.
O (i 2 1 n LYY NARAIEATIASRIAR )
Ox = — o, =— (& —Z)" =(x—-z)
; sy n i=1
V1
o = (22 — 2zT + x?) = 1227+ 3 = 2 —7*




Fhysics 2BL
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Example: Average R from 38 Students
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R=6191 km.

TrueR 1s6370.

0=1090 km for each

measur ement.

Error on mean should be
167 km (using 38
Independent measur ements.
Truedeviation from
expectation 1Is1/9 km. (1.07
o off) (C.L.=28%)
Theredoesnot seem to be a
common systematic error
which Isdominant.



Standard Normal (Gaussian) Distribution

A
P L5
_—X=2,0=025
' D i D Lof
Px ,(x) = : e~ (x—X)?/207
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X and o are parameters of the Standard Nor mal Distribution.

X isthetrue mean of thedistribution. (truevalue)

o isthe RMSwidth of thedistribution. (measurement error)

X iIstheindependent variable. (measured value)

P isthe probability (of measuring x).

Central Limit Theorem: When we combine many measurements
or sourcesof error, all probability distributions approach a

Gaussian. B
aussian e %
..f'? Pixds =1 — 0

T(x — X)*P(x)dx = o



Probabilities in the Normal Distribution

Table A. The percentage probability,

Prob(within ta) = if;ﬁ:GX,g(x)dx,
as a function of £ X-1o X X+io

t 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.00 0.80 1.60 2.39 3.19 3.99 4.78 5.58 6.38 7.17
0.1 7.97 8.76 955 1034 1113 11.92 1271 13.50 14.28 15.07
0.2 15.85 16.63 1741 18.19 1897 19.74 2051 21.28 2205 2282
0.3 23.58 2434 2510 2586 2661 2737 2812 28.86 29.61 3035
0.4 31.08 31.82 3255 3328 3401 3473 3545 36.16 36.88 37.59
0.5 38.29 38.99 39.69 4039 41.08 41.77 42.45 4313  43.81 44.48
0.6 45.15 45.81 4647 4713 4778 4843 4907 4971 50.35 50.98
0.7 51.61 5223 5285 5346 5407 54.67 5527 5587 5646 57.05
0.8 57.63 5821 5878 5935 5991 6047 61.02 61.57 6211 62.65
09 63.19 63.72 6424 64.76 6528 65.79 66.29 66.80 6729 67.78
1.0  68.27 68.75 6923 69.70 70.17 70.63 71.09 7154 7199 7243
1.1 7287 7330 7373 7415 7457 7499 7540 75.80 7620 76.60
1.2  76.99 77.37 7775 7813 7850 7887 79.23 79.59 7995 80.29
1.3 80.64 80.98 81.32 81.65 8198 8230 82.62 8293 8324 83.55
1.4 83.85 84.15 8444 8473 8501 8529 8557 85.84 86.11 86.38
1.5 86.64 86.90 87.15 8740 87.64 87.89 8812 88.36 88.59 88.82
1.6 89.04 89.26 89.48 89.69 89.90 90.11 9031 9051 90.70  90.90
1.7  91.09 91.27 9146 91.64 91.81 9199 9216 92.33 9249 9265
1.8 9281 9297 9312 9328 9342 9357 9371 93.85 93.99 94.12
1.9 9426 94.39 9451 9464 9476 94.88 95.00 95.12 9523 9534
2.0 9545 9556 9566 9576 95.86 9596 96.06 96.15 96.25 96.34
2.1 9643 96.51 96.60 96.68 96.76 96.84 96.92 97.00 97.07 97.15
22 9722 9729 9736 9743 9749 9756 97.62 97.68 97.74 97.80
23 97.86 9791 9797 98.02 98.07 98.12 9817 9822 98.27 98.32
24 98.36 98.40 98.45 9849 9853 9857 9861 98.65 98.69 98.72
2.5 98.76 98.79 98.83 98.86 98.89 9892 9895 98.98 99.01 99.04
2.6 99.07 99.09 99.12 9915 99.17 9920 9922 99.24 9926 9929
27 9931 9933 9935 9937 9939 9940 99.42 9944 9946 99.47
2.8 9949 99.50 9952 9953 99.55 9956 99.58 99.59 99.60 99.61
29 99.63 99.64 99.65 99.66 9967 99.68 99.69 99.70 9971 99.72
3.0 99.73
3.5 9995
4.0 99.994
4.5 99.9993
5.0 99.99994

* Probability to liewithin plus or
minust standard deviations of
the mean istabulated.

* |t may becalled the Prob
function on your calculator.

 Wewill usethisfor reection of
data and calculation of
confidence levels.
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Example: Confidence L evel

Two students measure the Radius of the planet. Student A gets
R=9000 km and estimates an error of =600 km.

Student B get and estimatesan error of .
Whisthe probability that the two measurementsthat the two
measur ements would disagree by more than this?

( — Rl i Rz — 3000;{5'??

o, = o1+ 0} = 1170km

We are 2.56 standard deviations off. We can look up how unlikely
that is(Confidence Levd) in thetable. 98.95% of measurements
should becloser than these. C.L.=1.05%.



The Principle of Maximum Likelihood

I n W2
1 \% _ P X2
L =P(x;)P(xs)..P(x :( )ei=1 2
(x1)P(x2)..P(xn) = |5
We can choose the best estimate of X by maximizing L.

JL
At max, 9x 0 which gives X=X.

We can also derivethe addition of errorsin quadrature
but thisisa more sophisticated derivation.

Wederivetheerror on the mean ssmply by propagating errors.

1 n (8x \* (0% A rgx  \*
= L1 I i | f |
x ) 1 +_1 Kl {T:ET: — . t . r]-xl J | . r]-':-{z | EEE L p {'T}:” II

1= VL OX \VOiXa P
F @ 92
— e 1 s U}C
Oz = |N|—0yx| = -
11 J \/ﬁ




Experiment 2
1) You aretodeviseasmple, fast, and non-destructive method to
measur e the variation in thickness of the shell of a large numbers of
the ballsin each shipment arriving at a number of stores, to
determineif thevariation in thicknessis much lessthan 10%.
2) You areto devise a method to measurethe thickness and density
of the outer and inner cylinderswithout damaging them so that rods
not within specificationswill not be used in the machine.

Both problems can be solved by measuring the moment of inertia

and mass of the objects.
In (1) we need speed and only need to measure variation in thickness.

We can roll the ballsdown a ramp.
In (2) we need to measur e absolute thickness and density but do not

need to process many objects. We can useatorsion pendulum.

2. _RY—p" mr? M(R2 + r?)
1= M = |
@ s RV g &




TheRoalling Ball

@ street hockey ball
I:l photogate timer

rolling radiusR’

h

ik — ity 20 * We must measur e many balls of each
2 .
g E type so that we can experimentally
v=Rw determinethe spread in thicknessfor

each type. Plot histograms.

Mgh = %v! M+ 1;2:' * Determinethicknessfor error estimates.
 Compare expected error on thicknessto
il 2Mgh me_agu_red RI\/I_S. B
i e a e Isinitial \_/elocny and position
reproducible?
AR 2gh e Computedr/dt numerically on

M 2 _R5—r°
t |1+ 5w calculator.




The Cylinder and the Torsion Pendulum

We want an absolute measurement of the cylinder radii and
densities.

MeasureR, r, T, and total M.

Calibraterestoring torque constant k by using a solid cylinder for
which | can be calculated.

Minimizing wobble of cylinder ismost critical experimental
problem.

1 i
My M i

M Lot ( r ) 2



Reection of Data

Re ecting data in an unwarranted fasion can bias our measur ements.
Whether or not to rgect data clearly depends on the quality of the
measur ement.

If thereissuspision of a measurement error, data should bergected
without looking at the value of the measur ment.

We develop a presciption for datareection based on the value of the
measuement for errorswhich aregaussian. Thisprescription is
called Chauvenet’s criterion.

Data are rejected if we expect less than 0.5 measurementsh a
deviation from the mean as large or larger than the one in question.

If one datum Is rejected, we recompute the mean and recheck the
remaining data.



Example: Chauvenet’s Criterion

A student makes 14 measurements of the period of a damped
oscillator, with the following resultsin seconds:

0.7,0.3,0.9,0.3,0.6,0.9,0.8,0.7,0.8,1.2,05, 0.9, 0.9, 0.3
Should any of these measurements be dropped in taking the
aver age (according to Chauvenet)?

Taketheaverage of all 14 gives: 0.70

Sigmais. 0.27

1.2 isfurthest off mean. t=0.50/0.27 (1.85 sigma off).
Prob. of one event being futher off 1s6.43%.

We expect 14(0.0643)=0.9 events further off.

We should not drop this (or any) of the measurements.




Weighted Averages

Suppose 2 students measur e X.
Student A gets: X=Xat+Oa
Student B gets. X=Xe+O0s

To get the best estimate of the
truevalue of x, take a
welghted aver age.

1

.-‘*-l.l WiX;
Lo =
Abest — A = I
L. Wi
=1 :
Xbest {l W
(=1
1
Wi = —5
o

\(‘:
dy® _
dX

We can usethe principle of
maximum likelithood to derive these
weighted average formulas. This
assumes the measur ements follow
the normal distribution. The
likelihood isthe product of

probabilities.
nee— X\ 2
~ '-*Fi_.j;-‘ o
L=Ce =1 % =Ce2

To maximizethelikelihood, we
must minimizethe x2.

r )]
L (X — X)*®

i=]1 a;

0

s

F}

[N..--"'



Example:. Weighted Average

Three measurements of g are made:
c g=99+01 w=100
* g=9.8+02 w=25
* g=9.7+05 w=4

g = (990 + 245 + 38.8)/129 = 9.87 + 0.09



Experiment 3
Construct and test a critical damping system for a spring.

Shock absorber damps oscilations of springs.
/If overdamped, hard jolts transmitted to mass

and recovery isvery slow. |f underdamped,

| I many oscillations of spring. If dampingisjust
right, we call it critically damped and the
‘ return to equilibrium isfastest.

under damped solution

b 4

' stant damping coefficient —r—t \
F = —mg — k(y 1 }’D) — bv overdamped solution
. =‘ (52 &)
uilibrium position = 0

. D V' =Npt [Ei\rm m )b
ma = —k(y — [y — ms., by for critical damping both of the abovereduce

W N k ¢ - to a simple exponential when

k b? damped oscillator b* kK

Wo = — - =0

‘m 4m?2 frequency 4m+< m



Construct and Test a Critical Damping

System for a Spring

Measurethe spring
constant k.

Compute the damping
coefficient b needed for
critical damping.

Adjust theair holesin the
shock absorber to get the
approximate b.

ETRER.
: $ ¢

Vv

.

Terminal velocity is reached when bv=mg.

Confirm F=-bv \ }
assumption. %

Test spring plus shock
absorber combination and
optimizefor critical
damping.

m

isdamping linear in v?



L east Squar es Fitting

Best fit to a straight line asdeter mined
y the priciple of maximum likelihood.

2 _ & (yi—[A + Bx])°
PPz B P TE
Ix* Ox* 0
JA B
X Best fit parameters of line and thelir errors.
. i e 'Ij o ey L 3 Ay
Assume all points have same POl B
. = | 2
errors. If thereareerrorsin A ﬁii:‘i-v
both y and X, project errors g _ METY —TY T, |
ontoy using the slope. e A 2 _ =x{oy
=
f A
2 2 2 2 . :
o, g+ 5 g A=nS2’— (S1;)°
._ L Deduce error by how well linefits data.
; 1 ... -
E:Fi = Y (y; — A — Bux; _32
- n — 2 i=l




The ChiSquareTes@
9 n (Y — ..f(if-i)}j

(]

— = >
=] O-JU
Some Examples of f(x) Number of Parameters

* Weighted Average 1
* Straight LineFit

* Parabola Fit

* Exponential

* Gaussian

* Linewith known slope

P WNNWN

(X N =gt

2 NJof. = Idata — I'~1|.*.'al'.|1:|-'1-.-!'~
~2 X :
Define ¥ — . and usethisto test the goodness of tit of
the datato the hypothesis of thefit function...



Experiment 4

In this experiment you will construct a device to measur e the absolute
value of a voltage through the measurement of aforce. The actual
measurementsthat you will make will be of mass, distance and time
but theresult will be a measurement of an electrical potential in Volts.

e Q,Q. two point charges Parallel Plate Capacitor
dmwegr= e From Gauss’s Law
_ fudgechtor fc_)r o I Q
= B RS 5 ID—IEE unphysical units Xa = E
S electric potential like : : Potential Difference
V= O potential energy © O V — Ed — Qd
AE{]
FOorce beiween plates
F 1 A['[]V.E
_, Estimat:aqf(.)rfce.to be measured - é d2
P 1(A =3cm*)(8.8 x 107/ IM}[V — 1000V)? = 1.2 x 10-°N

2 (d = 0.1cm)?



torsion adjuster

Calibrate a Voltmeter

/”

torsion fiber

s

movable capacitor plaje

balance and damping plat

fixed plate

\

top view

moveable plate

/X,G
U

Set up the apparatus.

Keep tabledry.

Strip wirewall.

M easur e the spacer .

M easur e K.

Make the plates paralle for
spacer in contact.

Find Voltage that just causes
platesto move apart.

Try calibration at about 1000
Volts.

Now get several measurements
at lower voltage.

Water must be stable.

Move slowly.

Protect your apparatusfrom air
currents.

Now use laser-mirror system to
try to find stable equilibrium.
How well could you check
systematic differencesin
voltmetersthisway?



Equilibrium Positions

P é Ac UVE% el ectrogtatic attraction
-

K K d
- (rﬁ‘.ﬁ,ﬂ-ﬂle - T) force applied by torsion ballance

spacer can ballance negative force when in contact.  unstable
equilibrium

F
fixed plate top view stable equilibrium
\ 0 \ 9
Cf O .

moveable plate




