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Abstract

Fast reconnection due to turbulent dissipation has long been hypothesized.
The global reconnection rate is derived in the presence of 3D reduced magneto-
hydrodynamic turbulence taking into account the dynamic coupling between
small and large—scale fields. The key result is that the reconnection rate re-
mains inversely proportional to R;n/ 2 (R, is the magnetic Reynolds number).
In 2D limit, the global reconnection rate is shown to be enhanced over the

Sweet—Parker result by a factor of magnetic Mach number. These results are

consequences of mean square magnetic potential balance.
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Magnetic reconnection is thought to be a fundamental physical process underlying large
scale magnetic energy release in space, astrophysical, and laboratory plasmas [1,2]. Symp-
tomatic of a change in the global magnetic topology, magnetic reconnection plays an integral
role in the dynamics of the magnetotail [3], the solar dynamo, solar coronal heating [4], and
in the major disruption in tokamaks [5]. In view of the large Lundquist number S = v4L/n
in most astrophysical systems (i.e. S ~ 10 in the solar corona), the research on reconnec-
tion has focused on the construction of a fast reconnection model [6,7] (Here n and L are
Ohmic diffusivity and the length scale of the current sheet). One such mechanism, turbulent
reconnection has received much attention, since turbulent transport coefficients (which can
be large for large S) are thought to act as effective dissipation coefficients, thus dramatically
enhancing reconnection rates [5,8-10]. Indeed, the idea of an enhanced turbulent dissipation
coefficient is now classic and has been widely invoked in flux diffusion and dynamo problems
[4]. However, the recent studies indicated that the dynamical coupling between small and
large scale fields (due to backreaction of small-scale magnetic fields on large—scale fields),
which has been neglected in the conventional approach, can lead to a dramatic reduction
in the effective turbulent transport coefficients. In particular, in 2D, flux diffusion, which is

intimately related to the reconnection, was demonstrated to be reduced by [11,12]
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Here neg is the turbulent diffusivity; 7 is its kinematic value when the backreaction of
small-scale magnetic fields is negligible; (B) is the large-scale magnetic field and (u?) the
turbulent kinetic energy; R, = ul/n is the magnetic Reynolds number, with u and [ being
the characteristic amplitude and length scale of the velocity. The reduction in the flux
diffusion is ultimately linked to the conservation of mean square magnetic potential in 2D
ideal MHD, and the dynamic coupling between small and large scale fields is embedded in
this conservation law.

In this letter, we present analytical results on the global reconnection rate in 3D Reduced

MHD (RMHD), critically re-examining the naive idea of rapid reconnection due to turbu-
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lent dissipation. The motivation for considering 3D RMHD is to represent magnetic fields
across current sheets that are not always antiparallel in real systems, and to avoid the null
point problem inherent to the Sweet-Parker (called SP hereafter) slab model [13,14], thus
rigorously justifying the assumption of incompressibility of the flow in the horizontal plane,
perpendicular to a strong prescribed axial magnetic field By. To gain an insights into this
classic old problem in the simplest way, we adopt the following simple “SP + turbulence”
model. First, we assume that turbulence is homogeneous and (almost) isotropic in the hor-
izontal plane, by taking the reconnecting field in that plane to be weaker than fluctuating
magnetic fields. By virtue of homogeneity and isotropy, the effect of turbulence can then be
shown to appear principally in Ohm’s law, among original SP balance relations [2]. In the
case when the effect of turbulent diffusivity is larger than that of hyper-resistivity, which is
usually the case in our model as will be seen later, the overall effect of turbulence effectively
replaces the Ohmic diffusivity n by the total diffusivity ny = 1 + neg. Therefore, the global

reconnection rate in the presence of turbulence is roughly given by

Uy ~ A 2)

\/UAL/77T .

Note that when the backreaction is negligible, n.g ~ m; ~ ul, leading to fast reconnection
rate v,, independent of n. However, as the former becomes dynamically important, neg is no
longer 7, and its computation requires the self-consistent treatment of dynamical coupling
between small and large scale fields. Our basic strategy is thus to compute the turbulent
flux transport by accounting for this dynamical coupling and then use equation (2) to obtain
the global reconnection rate.

The main equations governing 3D RMHD are as follows [15]:

Op +u-Vip = NV + Byd. 6, (3)

8, V%6 +u - VV2h = vV2V2h + B - VV). (4)

Here n and v are Ohmic diffusivity and viscosity, respectively; B = Byz + By = Byz +

Vxz, in terms of a parallel component of the vector potential 1; ¢ is a scalar potential



of the (incompressible) velocity u = Vx¢z. Note that the conservation of the mean square
potential is broken in 3D RMHD, albeit only linearly, due to the propagation of Alfvén
waves along the axial magnetic field ByZ. Note also that the 3D RMHD ordering implies
that k,/ky ~ By/By ~ € < 1, where kg = k,& + k,y and k, are horizontal and vertical
wavenumbers.

We decompose By into small and large scale components as By = (By) + b (or, ¢ =
(¥) + "), where (Bg) is the reconnecting magnetic field (see Fig. 1), and assume (u) =
0. The statistics of u and b are assumed to be homogeneous and isotropic in z-y plane,
homogeneous and reflectionally symmetric in the z direction, with no correlation between
horizontal and vertical components. Here the assumption of isotropy is justified since the
reconnecting field to be taken to be weak, i.e., (By)> < (u2).

Turbulent dissipation coefficients are obtained by calculating flux T'; = (u¢') =

—net 0;(¥) + D d;V? (1)), which appears in the mean field equation:

0,(1)) = mV* (W) — DpV*V*{y). (5)

Here nr = 1+ nex is the total diffusivity, neg turbulent diffusivity, and Dy hyper-resistivity.
In order to evaluate this flux, we employ two models — quasi-linear closure with 7 approxi-
mation [12] and eddy-damped fluid model based on large viscosity [16]. Since the calculation
is lengthy, we sketch only a few main steps and provide the final results here, leaving the
details for the extended version of this paper.

We first consider a quasi—linear closure with 7 approximation. The basic idea of this
model is to compute I'; as T'; = €;;3(0;00") = €;3(0;00¢" — 6¢0;1)"), where unity magnetic
Prandtl number is assumed for the equal splitting between (09;¢d%') and (6¢0;1'). d¢ and
dy' are calculated from the equations for ¢ and ¢, by introducing the (same) correlation
time 7 for ¢ and ¢’ [12]. Then, upon using the aforementioned statistical property of u and

b, we obtain the flux in the following form:

L= =3 [() = (")ai(w) - wHav* )] - (6)



The terms on the right hand side of equation (6) represent, from the left, kinematic turbulent
diffusion by fluid advection of the flux, the flux coalescence due to the backreaction of small—
scale magnetic fields with the (negative) diffusion coefficient proportional to (b?), and the
hyper-resistivity due to the gradient of a large—scale current (J) = —V%(¢)) (JZ = VxBpg)
[17]. Note that the negative diffusivity and hyper-resistivity together conserve total (1)),
while shuffling the (%) spectrum toward large scales.

The above equation for the flux is represented in terms of (small-scale) magnetic energy
(b?), which is unknown. Thus, the determination of the flux requires additional relation
between the flux and (b?). The key point here is that the latter can be obtained by invoking
a statistically stationary state of small-scale fields. That is, when 9;(¢"?) = 0, the equation

for (¢"?) is reduced to

1
((8i')?) = (b*) = " (T30 () + Bo(¢'0.0)] , (7)
by neglecting the boundary terms [18]. The use of a quasi-linear closure for the last term in
equation (7) as (¢'0,¢) = (0¢'0,¢ — 0,1'0¢) then gives us
1
@) =1 [t + )] /(14725 ®)

Here &, = L2, /L2, and & = Liy/L%,; L,y and L,, are the characteristic horizontal and
vertical scales of u, and L,y and L,, are those of b. Thus, the flux I'; simply follows from

equations (6) and (8) as

[1+2B3(& — &)] 0:{w) — e, B30, V2 ()

n
1+ 2 [ KB + 653 - Sy’

: (9)

[y = —m

where n, = 7(u?)/2 is the kinematic turbulent diffusivity. Note the last term in the numer-
ator and denominator in equation (9) comes from the hyper-resistivity [17]. Equation (9) is
the flux transport in 3D RMHD, which generalizes the 2D MHD result [11,12]. In the limit
as Bp — 0 and (Bg) — 0, the flux reduces to the kinematic value I'; = —n;0;(x)). The full
2D MHD result can be obtained by taking the limit Bq — 0, which will reproduce equation
(1) [11,12).



We now examine the various terms in equation (9) to estimate v, in 3D RMHD. First,
note that &, — & in equation (9) can be taken to be zero (i.e., & ~ &), since the scales of
b and u are likely to be comparable because of the assumption of unity magnetic Prandtl
number made here. We also note &B3 ~ (B%), due to 3D RMHD ordering (k,/kg ~
By/By ~ € < 1), and &B2 ~ (1?) > (Bpy)*. Thus, the ratio of the last term in the
numerator (hyper—resistivity term) to the first term (turbulent diffusivity term) is estimated
to be 7(b*) L2y, /(nL%y) ~ (Lyg/Lpm)* Ry, where Lpy is the characteristic horizontal length
scale of (By), and (b%) ~ (u?) is used. If Lyy/Lpy ~ R, X, x ~ 1/2in 2D and x 2 1/2
in 3D as suggested by [19]. Thus, (Lyg/Lpx)>R., is likely to be at most of order unity.
For this reason, the hyper-resistivity term will be neglected in the following analysis. The
dominant term in the square brackets in the denominator of equation (9) is &B2 ~ (b?) as
L2,(J)’ ~ (Log/Lpn)*(By)* < (By)?. Alternatively, the effect of B, seems to be stronger
than that of (By) in 3D RMHD, resulting in a more severe reduction in the flux than in
2D. This is probably due to radiative losses of Alfvén waves along the axial magnetic field
in 3D RMHD reducing the mixing in the horizontal plane, thereby lowering 7es.

Now, upon using the estimates mentioned above, we obtain

1 1 i (10)
T e @y T T 2R () /() T 2
where we used R,, = nz/n and the following estimate on (b*)
1
1) ~ (u?) — L~ 2[1——]. 11
) ~ (o) =L~ ) [1 - (1)

Therefore, to leading order, turbulent diffusivity is just that given by Ohmic diffusivity! The
reconnection rate is now found by neglecting hyper-resistivity and by inserting equation (10)

into (2) with np = 1+ Negr

Uy~ A (12)
vaL/n

That is, the reconnection rate has the original SP scaling with 7.
It is of interest to contrast this result to the 2D case, by taking By = 0 in equation (9).

In that case, a similar order of estimate leads to the global reconnection rate
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which is larger than SP by a factor of magnetic Mach number M4 = u/v4.

(13)

Uy ~

We now show that the 7 scaling of the reconnection rate (12) is rather robust feature
of 3D RMHD, by considering our second model, that of an eddy-damped fluid [16]. This
is the simplest model within which the nonlinear effect of the back-reaction can rigorously
be treated, without having to assume the presence of fully developed MHD turbulence, to
invoke momentum closure, or to introduce an arbitrary correlation time for the fluctuating
fields. Despite its limited applicability to a system with large viscosity, it could still be quite
relevant to small scale fields in the Galaxy where v > 7.

The key idea of this model lies in the neglect of the nonlinear advection terms in the
momentum equation due to small R, = ul/v, which permits to split the velocity u into two
components; the first — random velocity v — is solely governed by the random forcing,
and the second — induced velocity v/ — is governed by the Lorentz force only. The v is
assumed to be delta correlated in time with the correlation time 7, in addition to satisfying
the spatial homogeneity and isotropy in the z-y plane. The induced velocity (v = Vx¢;2)
is obtained by solving vV2¢; + B - VV?2) = 0 for ¢; in Fourier space. Some of crucial steps,
leading to the flux, are as follows. First, the equation for () and (%?) can be obtained by
inserting both velocity v and v’ in the equation (3) and by taking averages. The mean field
equation for (1)) determines the flux I'; which again involves (b?). Then, upon the imposition
of the stationarity condition on (1)), similar algebra performed in the quasi-linear closure
model gives
R [1+ £ B3 (& — &)] 0:v) — 22¢, B3,V (y)

1+ [beg + 3(Bu)? - ’Y<J>2]

(14)

where 7, = 79(v?)/4 is the kinematic diffusivity due to the random velocity v, k = L2y,
and v = Ly /L%,. Note that L,y and L,, (§, = L?;;/L2,) are the scales associated with v.
In the limit By — 0 and By — 0, equation (14) recovers the 2D hydrodynamic result with

the kinematic diffusivity 7y = 79(v?)/4. The limit By — 0 alone leads to 2D MHD case.
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To estimate the flux in the general case, we assume &, = &, in the following. As discussed
earlier, the dominant term in the square brackets in the denominator of equation (14) is
& B2 ~ (b?). The last term in the numerator and denominator, due to the hyper-resistivity,
now comes with a multiplicative factor v = k& with & = L2,;/L2 < 1. Thus, the effect of
hyper-resistivity can be neglected as compared to other terms in equation (14). Note that
since Ly, — oo in 2D limit, v — 0 in 2D MHD. That is, there is no contribution from the

hyper-resistivity to the flux in 2D in this model. The above estimates then give us

1

- n
e ~Y —_— Y = 15
Tleft nkl_{_j"(bg) 2 ( )

where the estimate on (b?) ~ nuv(2R,, — 1)/k was used. Therefore, the reconnection rate
is again given by equation (12) [20]! In comparison, the global reconnection rate in the 2D

limit can be shown to be

(16)

1 V4 U
Up ~ \/—R_eima )

The final point we would like to address is the incompatibility of turbulent fluid-magnetic
energy equipartition and stationarity of mean square magnetic potential. Note that equation
(11), naturally following from the stationarity of ("?), does not satisfy the exact equiparti-
tion (b%) = (u?), which is often assumed in Alfvénic turbulence [21]. Moreover, it can easily
be shown by using a quasi—linear model that the assumption of Alfvénic turbulence are not
compatible with stationarity of (¢?). Therefore, in general, stationarity of (¢"?) and exact
Alfvénic equipartition cannot be simultaneously realized.

To summarize, we have self-consistently computed turbulent diffusivity 7.z and hyper-
resistivity Dy in 3D RMHD, by exploiting the ‘linearly-broken’ conservation of (/%) and by
invoking the stationarity of (¢'2). We obtained n.g ~ ng/(1 + 2R, (b?)/(u?)) ~ n/2 in the
quasi-linear closure model and 7eg ~ 7 /(1 + Ry Re(b?)/{v?)) ~ n/2 in the eddy-damped
fluid model; the effect of Dy was demonstrated to be at most comparable to that of 7eg.
Then, SP type balance relations led to the global reconnection rate v, ~ v A\/’UAT/U in both

models, which is the same as in SP. In the 2D limit, v, was shown to be enhanced over the



SP result roughly by a factor of magnetic Mach number. This is probably due to radiative
losses of Alfvén waves along the axial magnetic field in 3D RMHD reducing 7es and v,.
We note that in full 3D MHD, (¢)2) conservation is broken nonlinearly unlike in 3D
RMHD. Therefore, the global reconnection rate in 3D MHD is likely to be different from
that in 3D RMHD. Moreover, non-stationarity of small-scale fields, as indicated by bursty
‘plasmoid ejection’ events observed in [9], may alter the conservation law constraints on
reconnection by modifying the relation between (¥) (or (b?)) and I';. A key question
is whether the behavior of small-scale magnetic fields is periodic (as in a limit cycle) or
temporally chaotic and intermittent. Some analytical progress may be made in the quasi—
linear or cyclic case, which will be studied in a future paper. We conclude by noting that
ultimately, a numerical simulation should be performed to investigate our predictions of the

flux diffusion and global reconnection rate in 3D RMHD.
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FIGURES
FIG. 1. Configuration in 3D RMHD. By is a strong axial magnetic field pointing in the z

direction, and By are reconnecting (large-scale) magnetic fields in the z-y plane. Panel (a)

shows the projection in the z-y plane, and Panel (b) in the y-z plane.
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