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Abstract

A theory of spatial propagation of turbulence, referred to asturbulence spreading, is developed

for the two-�eld model of drift wave turbulence. Markovian closureexpressionsfor the �ux of ki-

netic and internal �uctuation energies are systematically derived. Simpli�ed closure expressions

are used to obtain two coupled reaction-diffusion equations for kinetic and internal energy. The

ef�cacy of various nonlinear interaction mechanisms for spreading is analyzed systematically.

Spreading of internal energy is predicted to “lead” that of kinetic energy. The important role of

zonal �ow damping in spreading is identi�ed, but zonal �ows are shown not to be the dominant

agentsof turbulence spreading.
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I. INTRODUCTION

A. Motivation

Anomalous transport remains a critical problem for magnetic fusion theory today

[1, 2]. The traditional approach to the problem of calculating turbulent transport �uxes

is basedon local stability and local mixing length estimatesof saturated �uctuation lev-

els and transport. This paradigm of localmixing and transport, �rst advanced by B. B.

Kadomtsev [3], necessarily ties the �uctuation levels and transport at a particular radius

to the localgradient, which sets the localstability criterion. Thus, for example, ion tem-

perature gradient driven (ITG) turbulence is usually expected to appear only in regions

where the r T=T exceedsa certain critical local value. However, there are now several

observations, in both simulations [4, 5] and experiment[6], of turbulence appearing in

regions of the plasma, which are predicted to be stable. Suchobservations of “turbulence

spreading” suggest that nonlinear interactions (and possibly linear wave propagation)

can transport �uctuation energy in radius, and into locally stable regions (seeFig 1). This

transport of �uctuation energy in turn redistributes the pro�le of local transport activity

by modifying the pro�le of the effective local transport coef�cient, and so is classi�ed as

a “nonlocal transport phenomenon”. The spatial transport of �uctuation energy hasbeen

called turbulence spreading.

Turbulence spreading is one example of a mesoscaletransport process. Mesoscale or

mesoscopicphenomena occur on scales` such that � r c < ` < L, where � r c is the tur -

bulence correlation length and L is a gradient scale length or the system size. Thus,

mesoscalephenomena all involve the collective interaction or cooperation of localized

sitesof turbulence. Turbulence spreading, avalanches[associatedwith the self organized

criticality (SOC) paradigm], transport barrier advance and retreat, pulse propagation,

pro�le relaxation oscillations and even edge localized modes (ELMs) are all examples of

mesoscalephenomena. It is particularly instructive to situate turbulence spreading in

the taxonomy of mesoscopicphenomena by comparing it to the better known processes

of avalanches and transport barrier evolution. Generally speaking, an avalanche is a

propagating `pulse' of intense transport with extent in the range of mesoscales.Such a

pulse necessarily involves both a perturbation in the local gradient and increasein the
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local �uctuation intensity, each of which are locally of �nite duration. Most avalanche

and pulse propagation models extend quasi-linear approachesto describe the evolution

of the gradientperturbation. The theory of turbulence spreading is concerned with �uc-

tuation intensity pro�le evolution. Obviously, description of a physical avalanche requires

one to account for botheffects in the transport pulse. Turbulence spreading theory is con-

cerned with instances where the pro�les are relatively stiff, so that intensity transfer is

more prominent than the pro�le perturbation. Similarly , it should be apparent that “tur -

bulence spreading” and “r etreat of an internal transport barrier at the back transition”

are really one and the samephenomena, since barrier retreat necessarily implies �uctu-

ation advance. Thus, we seethat turbulence spreading is an integral part of the zoology

of mesoscalephenomena.

A key implication of turbulence spreading theory, and “nonlocality phenomena” in

general, is that the radial pro�le of theturbulenceintensity shouldbeconsideredasan integral

part of the“answer” to theanomaloustransportproblem. This is becausespreading entersvia

smearing or delocalizing the relation of theturbulenceintensity pro�les to the plasmapro�les,

such as the pro�les of temperature, density etc. Just as deposition pro�les (i.e. heating,

fuelling pro�les) “drive” the plasma pro�les, so the plasma pro�les in turn “drive” the in-

tensity pro�le. In simple terms, turbulence spreading intr oducesspatial mixing or trans-

port into this relation. Such spatial mixing is due to turbulent transport of �uctuation

energy, but also may involve wave propagation effects etc. In multi-�eld systemstrans-

port need not be dif fusive but may also involve “pinch” effects. We emphasize, though,

that the main effect of turbulence spreading on transport is via alteration of the relation

between the local gradients and the intensity pro�le, and not due to wave transport or

dir ect lossesof �uctuation �eld energy [7].

Turbulence spreading in magnetically con�ned plasmaswas �rst discussedby Garbet

et.al. [8], who compared the ef�cacy of spreading via nonlinear coupling with that via

linear coupling of poloidal harmonics due to toroidicity effects. Following a surge of in-

terest in avalanchesand self-organized criticality , a non-perturbative bivariate Burger's

equation model of spreading was proposed[9, 10]. This model described the co-evolution

of the turbulence population density, radially (in space),and asa function of the poloidal

wave number k� (in wave-number space),and thus constituted a simple model of tur -

bulence spreading as well as spectral cascade. However, since this model was based
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on symmetry properties (ala' the Ginzbur g-Landau theory of second order phase tran-

sitions) it was not amenable to qualitative predictions. Recently, the effect of realistic

geometry and zonal �ows (at the expenseof realistic nonlinear couplings) was investi-

gated [11], which seemsto conclude that zonal �ows are essential in spreading. Notice

that our paper contradicts with this conclusion.

Also, more recently, a Fokker-Planck type model of intensity transport was applied to

the spreading problem [12–14]. This model, which was very much in the vein of a K � �

model of �uid turbulence [15], described the evolution of "(x; t), the turbulence intensity

�eld, using a reaction dif fusion equation similar in structure to the well-known Fisher

equation [16,17]. Here the `reaction' was spatially pro�led growth and nonlinear dissipa-

tion (i.e. intensity dependent energy transfer to small scaledissipation), and `dif fusion'

was nonlinear interaction-induced spatial scattering of intensity [i.e. here D = D(") ].

The model illustrated many aspectsof spreading dynamics, most notably the possibility

of non-dif fusive front propagation from the unstable region into the stable region. While

the predictions of this model correlatewell with severalsimulation results, it had two no-

table limitations. First, it tacitly assumed quasi-Gaussian �uctuations and the existence

of the second moment of the probability distribution function (pdf) of transport event

size. The latter is formally required for the applicability of Fokker-Planck theory. Second,

the model treated the �uctuation energy "(x; t) asa single �eld, lumped sum and did not

distinguish between kinetic and internal �uctuation energy etc.

In fact, based on experience with passive scalar advection, one may argue that the

statistics are ultimately non-Gaussian [18, 19] and so one must consider the distribution

of �ight times and step sizes in order to resolve the power law tails of the probabil-

ity distribution function. This approach leads to a fractal kinetic description [20, 21] of

the evolution of turbulence intensity. Such a description is generally non-dif fusive. The

problem with this approach is that it requires the distributions of �ight-times and step-

sizesas input to thecalculation, instead of predicting them fromthe theory. Determination

of those distributions is tantamount to solution of the problem, and almost always re-

quir es dir ect numerical simulations (DNS) [22]. This “chicken and egg” impasse must

be short-circuited if we are to develop any intuition for the spreading processin a com-

plex multi-�eld system. For example we already learned that a dif fusion equation with

additional terms and a nonlinear dif fusion coef�cient does not necessarily imply “dif fu-
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sive” transport of �uctuation energy. It is possible to obtain a multitude of behaviours,

including ballistic spreading, from such nonlinear reaction-dif fusion equations. From a

practical point of view, it is also useful to construct a single length scale and quantify

the effect of spreading using this “nonlocality length” [23]. In order to make progressin

this dir ection, a model that can estimate(even if only roughly) the dominant length scales

involved in the problem, rather than one that asksthem as input, is required.

Upon proceeding from �rst principles, one notes that, even for a simple, two-�eld

model of drift wave turbulence (such asthe Hasegawa-Wakatani model) and even when

only `direct interactions' arecalculated in the closure,a full description of non-local mode

coupling involves 4 equations,with a concomitantly larger number of nonlinear dif fusion

and drag coef�cients. Therefore in practice, this “mor e accurate” description is nearly

intractable. In this paper, we instead give a simple derivation that demonstrates how to

reconcile the practical desire for simpler models with the requirement of a description

appropriate to the multi-�eld characterof the problem. In particular we will consider the

model equation
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+ vg
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@

@x
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@x
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 (x)" � 
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and presenta dir ect derivation of this from a simple, two-�uid model of drift wave tur -

bulence. Here " is the energy density, vg is the radial group velocity, D0 is the dif fusion

coef�cient, 
 and 
 N L are linear growth and nonlinear damping rates. This model de-

scribesweak turbulence for � = 1 and strong turbulence for � = 1=2. We will show when

and how this single equation accurately describesthe turbulent spreading of energy. We

do this by proposing a two-�eld spreading model, appropriate to the weak turbulence

limit of the Hasegawa-Wakatani model. The two-�eld model extends the single equation

model given above and describes the co-evolution of kinetic and internal energy using

the coupled reaction-dif fusion equations:
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Here K is the kinetic energy and N is the internal energy, D i 's are various coef�cients

that de�ne the strengths of various dif fusive nonlinear processesin non-dimensionalized
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forms, and � is a coupling coef�cient describing the linear coupling between N and K in

the Hasegawa-Wakatani model. From the two-�eld model, we conclude that in almost all

casesof interest, the spreading of N `leads' and K follows (slightly behind) for the weak

turbulence regime. Also, in most casesof interest, the “nonlocality length” associated

with N (the amount of internal energy overshoot in the steady state)is slightly larger than

that of K . Theseare testable predictions, which will ultimately decide the validity and

applicability of the suggestedmodel, and the assumptions leading to it. We believe that

the tendency of N to spread faster than K is a manifestation of the corresponding spectral

transport dynamics of internal and kinetic energy, respectively. Dual cascade,where the

kinetic energy couples to larger scales,while the “passive” scalarenergy �ows to smaller

scalesis a well known result in 2D �uid turbulence (and the Hasegawa-Wakatani model

[24]). This implies that internal energy (i.e.
D

~n2

n2
0

E
) mixes faster than the kinetic energy or

enstrophy. This fact manifests itself in two ways. First, the dissipation of the N �eld will

be dominated by the small scalesand thus causeit to behave dif fusively, as assumed in

the simple model. Second,since the kinetic energy, (hencethe �ow) tends towards large

scales,it can “spr ead” N �eld more effectively than simple dif fusion (possibly also lead-

ing to large scaleLevy �ights and non-Gaussianstatistics). Both of theseeffectswill pref-

erentially spread internal energy, instead of kinetic energy. Notice that both the inverse

cascade(and large scalestructures as effective spreaders)and the forwar d cascade(and

the small scaledynamics as “spr eadees”)are needed for effective spreading as depicted

in Fig 1. Notice that unlike previous work [11, 25], the model that we suggest, reduces

correctly to the local paradigm in the limit of no spreading. Note also that Naulin et.

al. [25] include the effect of an accumulated n as a possible causeof the propagation of

the the instability boundary (as in penetrative convection), whereasour model deals in

the propagation of turbulence itself, once the stability boundary is set (as in turbulence

overshoot).

It is important to state why we think the Hasegawa-Wakatani model is a good model

for the study of turbulence spreading. The primary reasonsare of course its simplicity

and the fact that it contains the basic ingredients, including internal instability drive,

necessaryfor the discussion of drift wave turbulence. Another reason is the fact that

even though the three-wave interaction driven radial �ux of energy or enstrophy can be

shown to vanish in the Hasegawa-Mima model (seesection V A below), the Hasegawa-
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Wakatani model removesthis degeneracyand allows turbulence spreading via nonlinear

wave coupling. In addition, inhomogeneities can be incorporated into the Hasegawa-

Wakatani system, in a two-scale sense,by making the background pro�les functions of

the slow spatial scale � X (i.e. L n � Ln (X ), c � c(X ) or � = � (X ) etc.). This implies

that the question of instability in this “locally” Hasegawa-Wakatani system is no longer a

question of a global nature since the “global” scalein this two-scale approach is replaced

by the “cell” scale� X . Here � X is the length scalecorresponding to the slowly varying

spatial scale,which in turn is representedin the �nal model asan inhomogeneous growth

rate ( for the adiabatic limit with � � � ) as:


 � 
 (X ) �
L2

n0

L2
n (X )c(X )

k2
yk2

(1 + k2)3 � � (X )k2

where Ln0 is the global average of the scale length corresponding to the background

density gradient. This secondscale,� X , also corresponds to the scaleat which the wave

envelopes are modulated, (with an ordering L n � � X � k� 1 ). Thus the expansion

parameter for the two-scale approach (i.e. k� X ) is in fact set by the changes in the

background pro�les.

Notice that depending on the ordering of time scalesbetween the nonlinearities and

the large-scale inhomogeneities, global linear eigenmode solutions might possibly be

unimportant. Here, since we assume linear growth and non-linear damping occur at

a rate faster than the spreading rate (in other words two spatio-temporal scalescorre-

sponding to the wave and the envelope are taken as disparate), the spatial structure of

the linear eigenmode is mixed by nonlinear couplings much faster than a global eigen-

mode forms (in other words � c > � spr > vgx=Ln ). In this limit, the stability condition is

effectively local (i.e. in X ).

One could of course consider the opposite limit of small box size, where no scalesep-

aration is possible. Notice that this casedoes not correspond to the state in the tokamak

where pro�les evolve on a large scale. In that case,`spreading' would manifest itself as

the excitation of (low k) global eigenmodes, that are regularly damped in the linear the-

ory (i.e. those that are symmetric with respectto the local stability boundary), and have

non-vanishing intensity in regions where the local gradient is sub-critical. Coupling to

such “damped eigenmodes”, is a feature of the theory of drift-wave turbulence in the

hydr o-dynamic limit [26] (i.e. low k). We have included the coupling to the damped
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mode in our calculation of the nonlinear dif fusion coef�cient in the hydr odynamic limit,

though we focused on the two-scale case,as this seemsto be of greater interest in the

context of MFE.

In this paper, we derive the two �eld model (intr oduced above)using a two-scale weak

turbulence theory (i.e. the weak turbulence limit of the two-scale dir ect interaction ap-

proximation [27] developed in order to treat secondorder moments when the mean �ows

areeither weak or absent),of the Hasegawa-Wakatani system . The method outlined here

can, in principle, be used for any other multi-�eld system within any closure framework

(e.g. resonancebroadening or EDQNM instead of weak turbulence). We also impose the

additional simplifying assumption that the cross-correlation between �elds is small, so

only linear coupling between N and K results. This leads to simpli�ed coupled equa-

tions, which can be solved analytically for a saturated state. The dif fusion coef�cients

given above (such asD3) are in fact functionals of the entire turbulence spectrum. There-

fore, if the turbulence consists of dif ferent types of modes (e.g. zonal �ows and drift

waves), the coef�cients include the spreading due to all these dif ferent types of modes

(e.g. both the zonal �ows and the drift waves). However one can, in principle, separate

various classesof �uctuations and study the “spr eading effect” of one type of structure

on the other. Notice that it is important to clarify that we consider only the net spreading

effect, astherearesurely other effects. One such case,for example, is the generation of the

zonal �ow by the drift waves + the damping effect by the zonal �ow on the drift waves

[28]. Thesetwo effectscancelone another when summed over the whole spectrum (since

total energy is conserved). Some of these effects may even causespatial modi�cations

of the turbulence pro�le. However since the “net” effect of all such couplings vanishes

when summed over the entire spectrum, they are neglected. This is so, even when the

action of one mode on the other, rather than the total spreading, is considered.

The remainder of the paper is organized as follows. Section II is intended as back-

ground. First the Hasegawa-Wakatani system is intr oduced and the linear dispersion

relation and its solutions are given for important limiting cases.Then, the conservation

laws in Poynting's form are given and the kinetic and internal energy �uxes are de�ned.

Section II ends with a brief review of the closure theory and the Markovian assumption.

In Section III, a method of computing the �uctuation energy �uxes basedon a two-scale

version of the weak turbulence theory is outlined and a derivation of the energy �ux is
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presented. In Section IV, the �uctuation energy �uxes are computed in a general way

using this two-scale methodology, and the resulting model is intr oduced in a general

manner. In SectionV, an extensive study of various limiting cases,such asadiabatic and

hydr odynamic limits, and various dif ferent types of interactions, such as those between

a zonal �ow or a streamer and drift waves is performed and the dif fusion coef�cients for

each of these casesare calculated. Section VI discussesthe results obtained by numeri-

cal integration of the two �eld model, and its correspondenceto the previous one �eld

model. SectionVII contains results and conclusions.

II. BACKGROUND

The Hasegawa-Wakatani model, which describes the evolution of “dissipative” drift

waves can be written as

(@t + ẑ � r � � r ) r 2� � � r 4� = � � � 1r 2
k (� � n) (1a)

(@t + ẑ � r � � r ) n + @y � � � r 2n = � � � 1r 2
k (� � n) : (1b)

The usual dimensionless drift wave variables are used, so that

� ! e�
� � Te

; n ! n i 1
� � n0

; t ! 
 i � � t x ! x=� s

� � = � s
L n

= v�
cs

; � � 1 = � ei Ti 0 � s
mecs � �

; � ! �
� 2

s 
 i � �
; � ! �

� 2
s 
 i � �

:

Here Te is the electron temperature,n0 is the background density, ni 1 is the �uctuation

density of ions, � is the electrostatic potential, 
 i is the ion cyclotron frequency, � s is the

ion Larmour radius at electron temperature and � ei is the electron-ion collision frequency,

so that � can be considered as a dimensionless resistivity. Notice that dif fusion of the

density term (i.e. � ) doesnot appear in the original set of equations [29].

Taking the Fourier transforms of (1a,b)yields:
�

@t + � k2 +
c
k2

�
� k �

c
k2

nk =
1
2

X

p+ q= � k

ẑ � q � p
(q2 � p2)

k2
� � q � � p

�
@t + �k 2 + c

�
nk + (ik y � c) � k =

1
2

X

p+ q= � k

ẑ � q � p (n� p � � q � � � p n� q )

wherec � � � 1k2
k . This setof two ordinary dif ferential equations canbewritten compactly

in the form:

@t � �
k + H ��

k � �
k =

1
2

X

p+ q= � k

M �� 

� k ;� p ;� q � �

� p � 

� q
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with

� �
k �

0

@� k

nk

1

A ; H ��
k �

0

@� k2 + c=k2 � c=k2

ik y � c �k 2 + c

1

A

and

M �� 

k ;p ;q �

�
� � 1� � 1� 
 1 (q2 � p2)

k2
� � � 2� � 


�
ẑ � q � p

where � �� is the Kronecker delta and � 12 = � � 21 = 1. Notice that M is symmetrical with

respectto the joint exchange(p; � ) $ (q; 
 ) as it should be.

The linear theory of the Hasegawa-Wakatani system is well known, and is contained

in the dispersion relation (seethe appendix for details)

! 2 + i!
�
c

�
1 + 1=k2

�
+ (� + � ) k2

�
� c

�
� k2 + �

�
� � �k 4 � icky=k2 = 0 (2)

A useful form for the frequency that passessmoothly and explicitly from the adiabatic

limit to hydr odynamic limit is the general expressionfor the � = � case:

! (r )
k = �

ky

(1 + k2)

r
1
2 + 1

2

q
1 + 16k4k2

y

c2(1+ k2)4

where the `adiabaticity depends on whether the term involving c in the above expression

is greater or lessthan 1 (i.e. adiabatic for c � 1 and hydr odynamic for c � 1).

III. A TWO SCALE WEAK TURBULENCE THEORY FOR THE SPATIAL EVOLUTION OF

SECOND ORDER MOMENTS

Yoshizawa's two scaledir ect interaction approximation (TSDIA) [27] provides a sys-

tematic framework for describing the large-scale,slow evolution of mean �ows in the

presenceof inhomogeneous turbulence. His method is a two-scale generalization of the

dir ect interaction approximation (DIA)[30 , 31], basedon an assumption of scalesepara-

tion between turbulent scalesand those associatedwith mean �ows. He postulates that

dir ect threewave interactions occur locally, while being modulated by the large scaledy-

namics, and advected by the mean �ows. Here we will consider a Markovian (see[32]

for discussion on realizability) TSDIA, in the limit of weak turbulence, and weak mean

�ows.
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On the other hand, the relevant formalism for large-scale,slow evolution of second

order moments such as energy or intensity (with little or no mean �ow), is the wave

kinetic equation or Landau equation:

@N (x; k; t)
@t

+
@

@k

@N (x; k; t)
@x

�
@

@x

@N (x; k; t)
@k

= C(N ) (3)

where N (x; k; t) is the wave action, 
 is some renormalized angular frequency, which

includes the effects of mean-�ows and coherent nonlinear dampings due to �uctuations

aswell as the linear frequency. In particular , if one is interestedonly in spatial evolution,

one can integrate out the wave-number dependence of the wave-kinetic equation and

obtain a conservation law for the relevant quantity of the form.

@N (x; t)
@t

+
@

@x

� Z
@

@k

N (x; k; t)dk
�

=
Z

C(N )dk

Here N (x; t) is the integrated wave-action density. Sincethis is a two-scale theory how-

ever, the k-integral has to have a low-wavenumber cut-off, which might be regarded asa

“sour ce term” for this conservation law. Here we assume“separation of scales”, i.e. no

�ux of energy acrossthe boundary between the large scalesand the small scales.One is

tempted basedon theseassumptions to write the �ux of the conserved quantity as:

� coherent �
Z

@

@k

N (x; k; t)dk

however this is not true, as � is not complete. The wave kinetic equation in the form

(3) was derived basedon a “two-scale” approach [33, 34]. In this approach, the collision

term is usually not expanded. Instead it is commonly stated that collisions respect the

conserved quantity , and assuch Z
C(N )dk = 0

However, if there are signi�cant spatial inhomogeneities, this simple story is no longer

true! Collisions in regions where the wave population density is larger may transport

energy into regions where it is not. So,collisionsdonot conservewave-actionat eachpoint in

space,but ratherdosoonly in someaveragedor integratedsense, where the averageis over the

scaleof inhomogeneity of N . In this case,all we can say is:
Z Z

C(N )dkdx = 0
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which is always true. The subtlety is to ascertain what, in fact, setsthe limits of integra-

tion over x. This implies, in general, that
Z

C(N )dk = � @X � collisional

so that

� = � coherent + � collisional

This result meansthat, unless the “collision” term in the wave-kinetic equation is con-

fronted, adiabatic theory cannot beused to properly describeturbulence spreading, apart

from that which occurs via simple advection. The method outlined in this paper may be

viewed asa way of including the effectsof the “collision term” in the wave-kinetic equa-

tion in the calculation of spreading. Here our starting point is the exactconservation laws

such as (B1) and (B2). Sincethese are exact, they include all the effects (i.e. collisions or

incoherent noise aswell ascoherent damping).

When averaged, theseconservation laws yield a new set of conservation laws, which

describe the evolution of conserved quantities by the long time dynamics and large scale

motions. Theseaverage conservation laws include the average effects of collisions and

damping. However, since they are integrated over the spectrum, only the “net average

effect” of all collisions and dampings can be known. In fact it is even not possible to

separatecoherent damping from incoherent noise in these“exact” expressions,since the

spectral dimension of the initial information is lost. It is clear, however, that such an

approach is suf�cient for a study of strictly spatial spreading.

Also, a rigor ous Wigner distribution function treatment of the Hasegawa-Wakatani

system,requiresevolution equations for all 4 conservedquantities. Even though this may

be necessaryin order to determine the asymptotic form of the spectra, it is unnecessarily

laborious for an estimate of the transport of turbulent intensity. Here we instead use a

formulation that is simpler than the wave-action formulation but contains more than a

non-renormalized (hence“weak” turbulence theory) version of the TSDIA formalism (in

the senseof dealing with second order moments), with and without weak mean �ows.

The two scale�eld equations can be written in general notation as:

@t � �
k + H ��

k � �
k =

1
2

X

p+ q= � k

�
M �� 


� k ;� p ;� q � �
� p � 


� q � iP �� 

� k ;� p ;� q@X � �

� p � 

� q � iP �
 �

� k ;� q;� p � �
� p @X � 


� q

�

(4)
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where

P �� 

k ;p ;q �

@M �� 

k ;p ;q

@px
:

Notice that (4) is simply the Hasegawa-Wakatani system in our abstract notation, where

the amplitudes on the right hand side are assumed to have slow spatial variation in the

radial dir ection. In (4), p and q are wavenumbers of the fast spatial �uctuation, however

k is the full wavenumber, which includes both the fast spatial �uctuations and the mod-

ulations induced by envelope dynamics. In other words, k = � p � q + �k , where � k is

the wavenumber of the envelope. Hence the expressions

Nk �
D

� N
k � (2)

k � (2)
� k

E
=

1
2



jnk j2

�
(5)

K k �
D

� K
k � (1)

k � (1)
� k

E
=

1
2


�
1 + k2

�
j� k j2

�
(6)

" �
X

k ;�



� ��

k � �
k � �

� k

�
=

X

k

(K k + Nk )

areexact.Oncethe equation for Nk is written, we will alsoconsider a two-scale expansion

for k, but the nonlinear term will then be independent of k and the expansion of the linear

part [say of H ��
k in (4)] will simply result in a group velocity term and linear dif fusion, if

� and � are non-zero.

Equations for N �
P

k Nk and K �
P

k K k could also be constructed from (4) using

(5) and (6). The results should be nothing but the statistical averagesof (B1) and (B2).

Three correlations that appear in these equations for nonlinearly conserved quantities

will then be computed via the dir ect interaction approximation (DIA), using the two-

scaleequations for the beat mode. Thus

� � �
k =

Z
R��

k (t; t0)M �� 

� k ;� p ;� q � �

� p (t0)� 

� q (t0)dt0

+ i
Z

R��
k (t; t0)

h
P �� 


� k ;� p ;� q@X � �
� p (t0)� 


� q (t0) + P �
 �
� k ;� q;� p � �

� p (t0)@X � 

� q (t0)

i
dt0 . (7)

Of coursefor a fully renormalized system,oneshould usethe responsefunction R ��
k (t; t0),

which satis�es an equation of the form:

@tR��
k (t; t0) + H ��

k R� �
k (t; t0) + � N L R��

k (t; t0) = � (t � t0) � ��

Here, however, we intend to focus primarily on the caseof weak turbulence, hence the

nonlinear damping as well as linear growth or damping are assumed to be small com-

pared to the wave frequency. More rigor ously, it is the smallnessof the net damping rate

ascompared to the mismatch that justi�es the weak turbulence approximation.

13



A contrast with what is usually called the Whitham theory of modulations[35 , 36], is

also somewhat useful here. The basic method of Whitham modulations consistsof cast-

ing conservation laws in a Poynting's theorem form, asin (B1),and using basicsolutions

such as

� = A sin(ky(y � V+ t)) sinkxx + �� ; n = � B sin(ky(y � V+ t)) sinkxx + �P

and using the fact that the conservation law applies to the adiabatic, slow evolution of

the parameters of this sine wave solution, such as amplitudes of the sine waves (i.e.

A = A(X ; T) and B = B(X ; T)) or the Doppler velocity (i.e. V+ = V+ (X ; T)). This gives

slow spatio-temporal evolution equations of equal number to the number of independent

conservation laws the system has. Thesecanbe solved to describethe modulations of the

basic solution under the action of slow inhomogeneities (e.g. the effect of sheared �ow

on amplitude modulations etc.). The method of Whitham modulations is basedmathe-

matically on a variational formulation. Its limitation is that it describesthe evolution of

“isolated modes” (or isolated solitons if the system permits them as exact solutions, see

for instance [37]) but does not take mode coupling into account. The method we out-

line here can be considered asa statistical generalization of this method, especially in the

sensethat evolution due to mode couplings is accounted for.

A. Derivation of the �uctuation energy Flux

In order to derive a spatial evolution equation for energy, the statistical averagesof

equations (B1) and (B2) must be considered. The only major challenge in writing these

average conservation laws is the computation of the thir d order moments in the �ux

terms. Notice that it does not matter if we �rst compute the inhomogeneous evolution

of the statistically averaged spectrum (ala' the wave-kinetic equation) and thenaverage

out the k dependenceor if we start with (B1) and (B2) and compute the statistical aver-

ageslater. This independence from the order of operations is guaranteed by the fact that

closure approximations invoked here (such asthe DIA) respectthe conservation laws.

Since averaging and dif ferentiation commute (i.e. h@X � X i = @X h� X i ), we need to

compute the averagenonlinear �ux terms in order to compute the statistically averaged

14



evolution equations for kinetic and internal energies [using (B1)and (B2)], i.e.:

h� N i = �
�

n2

2
@Y �

�
= �

i
6

X

p+ q+ k = 0

(ky � k np nq + py � p nqnk + qy � qnk np )

�
X

k + p+ q=0

Im ([pynq � p + qynp � q ] � nk � [qynqnp + pynp nq ] � � k )

�
X

k + p+ q=0

Im
�

�( N ) �� 

k ;p ;q � �

p � 

q � � �

k

�
(8)

h� K i = �
�

� 2

2
@Y r 2�

�
=

i
6

X

p+ q+ k = 0

�
kyk2 + pyp2 + qyq2

�
� k � p � q

= �
X

p+ q+ k = 0

Im
� �

kyk2 + pyp2 + qyq2
�

� p � q � � k

�

�
X

k + p+ q=0

Im
�

�( K )�� 

k ;p ;q � �

p � 

q � � �

k

�
(9)

where

�( N )1� 

k ;p ;q =

0

@0 0

0 � qy � py

1

A ; �( N )2� 

k ;p ;q =

0

@ 0 py

qy 0

1

A

�( K )1� 

k ;p ;q =

0

@kyk2 + pyp2 + qyq2 0

0 0

1

A ; �( K )2� 

k ;p ;q = 0 :

Substituting (7) into (8) and (9) and assuming Markovian evolution, we �nd the general

expressionfor the �ux of a nonlinearly conserved secondorder moment:

h� N ;K i =
X

k + p+ q=0

�( N; K ) �� 

k ;p ;q Im

�
� �

k ;p ;q r ���
k

h
M �� �

� k ;� p ;� qC � �
p C 
 �

q

+
i
2

P �� �
� k ;� p ;� qC 
 �

q

�
@X C � �

p + iJ � �
p

�
+

i
2

P ���
� k ;� q;� pC � �

p

�
@X C 
 �

q + iJ 
 �
q

�
� �

(10)

where

J ��
k � i

h
� �

k @X � �
� k � � �

� k @X � �
k

i
� � kC � �

k

is the “pr obability current”, which is a nonlinear, two-scale correction to the group veloc-

ity term and is negligible in most casesthat are considered here (since � k � f kx;px ; qxg )

and

� �
k ;p ;q �

Z t

0
e

h
� i

�
! ( � )

k � ! � p � ! � q

�
� (� N L

k + � N L
� p + � N L

� q )
i
(t � t0)dt0 =

1 � e� i � ! ( � ) t+� ( � ) t

� i � ! (� ) � � (� )

is the triad interaction time. Notice that in the weak turbulence limit, only Re[� k ;p ;q ] con-

tributes due to resonances,as it approachesa delta function. Notice also that in general

r ���
k in (10) is a matrix with complex elements (seeappendix A).
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The method outlined in this chapter is essentially a Markovian two-scale DIA, where

the mean �ows are weak or non-existent. This form is especially suitable for applications

to secondmoments, and therefore applicable to �uctuation energy �ux calculations. The

reasonwe call this closure a “two-scale” closure is that here, the beat mode is assumedto

evolve on two separatespatial scales,namely that of the �uctuations and that of meso-

scale modulations [i.e. ẑ � p � q ! ẑ � (p � i@x ) � (q � i@x )] , which is the slow spatial

scalecorresponding to the evolution of the �uctuation energy. In practice we will also

assumethe wave dynamics dominate near saturation and, so we formally take the weak

turbulence limit.

IV. THE FULL MODEL

We aim to consider various limiting cases,namely the adiabatic, near-adiabatic and

hydr odynamic limits of the Hasegawa-Wakatani system. However the present frame-

work [i.e. Eqns (7) and (10)] can be applied to any model, and within the framework

of any desired closure approximation. Even though our challenge is to derive minimal

analytical models, sacri�cing simplicity in somecasesis necessaryto gain further insight

into the dynamics of spreading. Initially , we will consider the full model but assumethat

the cross-correlations are small. This is consistent with a weak turbulence approximation

and necessaryto justify the neglect of nonlinear terms with any sort of cross-correlation

in them, even though linear couplings induced by the cross correlations are retained.

Moreover, we take
� (2)

k � �k 2 � c

� (1)
k � � (2)

k

�
� (2)

k � � k2 � c=k2

� (1)
k � � (2)

k

� �
1
2

which is true either close to the hydr odynamic limit or for � � � and k2 . 1 , since

� (1)
k � � (2)

k = � 2� (2)
k � �k 2 � c � � k2 � c=k2 (seeappendix). This assumption makes

� �
k ;p ;q r ���

k �
1
2

h
� (+)

k ;p ;q + � (� )
k ;p ;q

i

where � (+)
k ;p ;q and � (� )

k ;p ;q are triad interaction times for the caseswhen all the members

of the triad are growing modes, and when one of them is damped, respectively. For

the adiabatic and near adiabatic caseswe will set � (� )
k ;p ;q = 0 explicitly , as in those cases

the damped mode is very strongly damped indeed, so that interactions with the damped

mode are negligible.
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Given theseassumptions, the �uxes become:

� K �
X

k + p+ q=0

�
�
�

�
� ! +

�
+ �

�
� ! �

� � (kyk2 + pyp2 + qyq2)
k2p2q2

��
qy

�
q2 � p2

�
+ 2px ẑ � q � p

�
K q@X K p

+
�
py

�
p2 � q2

�
+ 2qx ẑ � p � q

�
K p @X K q

�
(11)

� N �
X

k + p+ q=0

�
�
�

�
� ! +

�
+ �

�
� ! �

� �
�

q2
y

q2
K q@X Np �

pyqy

q2
Nq@X K p

+
p2

y

p2
K p @X Nq �

qypy

p2
Np @X K q

�
(12)

Notice that Onsager relations do not apply in this caseand there is no counterpart of

the last term of Eqn (12) in Eqn (11). In order to obtain an answer, we need to com-

pute the sums (or integrals) over the resonancemanifold that is de�ned by the resonance

condition � ! (� ) = 0. In general, determining this resonancemanifold is a formidable an-

alytical task, except for very simple dispersion relations or various limiting cases.Hence,

here we only emphasize that there indeed is such a manifold (seeFig 2), and that, on this

manifold, the “�ux coef�cients” (i.e. � k ;p ;q 's) do not vanish, in general.

One can then write the �ux in the form of a Fick's law

� K �
X

p

D (K K )
p @X K p (13)

where

D (K K )
p �

Z Z
(kyk2 + pyp2 + qyq2)

k2p2q2
� (k + p + q)

�
�

�
� ! +

�
+ �

�
� ! �

��

�
�
qy

�
q2 � p2

�
+ 2px ẑ � q � p

�
K qd2qd2k (14)

and

� N �
X

p

D (N K )
p @X K p +

X

p

D (N N )
p @X Np (15)

where

D (N N )
p �

Z Z
q2

y

q2
� (k + p + q)

�
�

�
� ! +

�
+ �

�
� ! �

� �
K qd2qd2k (16)

D (N K )
p � �

Z Z
qypy

p2
� (k + p + q)

�
�

�
� ! +

�
+ �

�
� ! �

� �
Nqd2qd2k . (17)

In practice, we will further claim [basedon Eqn. (13)and Eqn. (14)] that:

� K � D1K @X K
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and basedon Eqn. (15),Eqn. (16)and Eqn. (17), that:

� N � D2N @X K + D3K @X N .

Using theseapproximations, the general model equations for kinetic and internal energy

densities take the form:

@
@t

K + vgx
@

@x
K �

@
@x

�
D1K

@
@x

K
�

= 
 (� N + (1 � � )K ) � 
 N L K 2 (18a)

@
@t

N + vgx
@

@x
N �

@
@x

�
D2N

@
@x

K
�

�
@
@x

�
D3K

@
@x

N
�

= 
 (� K + (1� � )N ) � 
 N L N 2 (18b)

where D1 ! 0 aswe approach the adiabatic limit, and both D1 and D2 vanish for qy = 0.

Here, � is a parameter that allows linear coupling between kinetic energy and internal

energy (mocking up the effect of the cross-correlation), vgx is the radial group velocity, 
 is

the linear growth rate (
 � 2h
 k i ) and 
 N L is nonlinear damping. Theseadditional terms

are necessaryto capture linear dynamics and saturation physics. Notice that the radial

group velocity vgx is purely linear here. There are convection-like nonlinear corrections

to this term in the general expression(10),however in the limit of weak turbulence, these

corrections are neglected.

The physical meanings of the dif fusion coef�cients can be identi�ed: D 1K , is the dif-

fusion coef�cient of kinetic energy, D2N is somesort of “str ess” on internal energy by the

kinetic energy pro�le and D3K is the dif fusion coef�cient of internal energy, for which

the particle dif fusion coef�cient DGB can be used asa crude estimate via D3 � DGB =K .

This two �eld model suggeststhat near saturation (where K � N ), the 1-�eld model

given previously [12,13] , was in fact accurate.Moreover, the fact that we have rigor ously

derived (18a,b)from the Hasegawa-Wakatani model clari�es the range of validity of these

type of spreading models. For instance single �eld model such asthe one given in [12] is

not only valid for the turbulent evolution of a passive scalar (ascommonly thought) but

also for more complicated reactive systems,such asthe Hasegawa-Wakatani system.

This system contains reaction, manifested by its tendency towards local saturation,

and dif fusion as a result of nonlinear mode coupling, and thus in general is a reaction-

dif fusion system with nonlinear (and non-diagonal) dif fusion. It also hasthe form of two

coupled nonlinear Fisher equations and thus suggests front propagation with more or

lessconstant speed,with possible additional interplay between the two �elds. Thus, one
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might speculatethat, if non-Markovian effectsare included, the time delay might produce

cycles,or periodic bursts of transport activity .

Fisher type reaction-dif fusion equations predict that the front propagation begins only

after a quasi-saturated state is reached.The spreading is sub-dif fusive initially , before lo-

cal saturation takes place. Here we do not claim to represent the initial linear growth

and nonlinear damping in a quantitatively accurateway, since we model it with a single

growth rate and a single nonlinear damping rate. However this guarantees that Eqns.

(18a,b)agreewith the local saturation paradigm when spreading is neglected. The basis

for this is an assumption of modest time scaleseparation between the time scalesassoci-

ated with local saturation and time scalesfor which the non-local spreading takes place.

One of the essential problems for the model to be useful is the determination of the

signs of D1 and D2 (as D3 is positive de�nite). The crucial point for D2 is that for any

reasonably symmetrical spectral distribution hpyqy i < 0, when the average is taken over

the resonantmodes, thus making D2 � � hqypy i > 0. The sameis true for the hpxqx i aver-

ageaswell. However it seemsit may be possible to construct asymmetrical distributions

where D2 . 0. Similar analysesare not readily available for D1, which vanishes in most

important limits, anyways. See�g 3 for a discussion.

V. ENERGY FLUX IN VARIOUS LIMITING CASES

We de�ned the dif fusion coef�cient via expressionsof the form

D ��
p �

Z Z
f (p; q; k)d2qd2k

and �uxes via, the Fick's law, where

� � �
X

p

D ��
p @X N �

p � D �� @X N �

It is important to symmetrize the dif fusion coef�cients with respect to k and q so that

when we �x q = q0, we also take the k = q0 contribution into account, as well. This will

allow us to restrict q and p into regions in spectral spaceand study spreading processes

by the interactions between thesespectral regions.

D (K K )
p �

Z Z
(kyk2 + pyp2 + qyq2)

k2p2q2
� (k + p + q)

�
�

�
� ! +

�
+ �

�
� ! �

��

�
1
2

� �
qy

�
q2 � p2

�
+ 2px ẑ � q � p

�
K q +

�
ky

�
k2 � p2

�
� 2px ẑ � q � p

�
K k

�
d2qd2k (19)
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D (N N )
p �

Z Z
� (k + p + q)

�
�

�
� ! +

�
+ �

�
� ! �

�� 1
2

�
q2

y

q2
K q +

k2
y

k2
K k

�
d2qd2k (20)

D (N K )
p � �

Z Z
� (k + p + q)

�
�

�
� ! +

�
+ �

�
� ! �

�� 1
2

�
qypy

p2
Nq +

kypy

p2
Nk

�
d2qd2k (21)

where N �
p = (K p ; Np ) etc. This particular form has the advantage of showing the total

contributions of all possible q and k modes to the spreading of a single p mode. Strictly

speaking, the energy �ux for a particular p mode is not necessarily equal to the p'th

component of the above sum. Instead we can write � �
p � D ��

p @X N �
p + � p , where � p de-

notes “other terms” that vanish when summed over p, and thus do not contribute to the

spreading of total turbulenceintensity. Suchterms are neglected even when we talk about

the effect of spreading of one part of the turbulence on the other parts. This is because

only the �ux terms that do not cancel really are the bit that corresponds to spreading.

Note that this ansatz is necessarybecauseit is impossible to separatethe mechanisms of

“spr eading” and “nonlinear transfer”.

Within this pictur e,we canaskquestions such as,“how much doesa qy = 0 mode (and

a suitably selected“other mode”) spread an arbitrary drift mode?”, even though the total

dif fusion coef�cient will include the back-reaction induced spreading by the test modes

on the qy = 0 modes, aswell. Therefore, from this point on, we will refer to q (and k) “the

spreader” and p “the spreadee”, and try to use this convention consistently throughout

the paper. Notice that for total spreading, we need ultimately to compute the sum over

p. This includes the effects of all the processes(such as a qy = 0 mode and a drift wave

spreading another drift wave) and their inverses (two drift waves spreading a py = 0

mode).

A. The Adiabatic Limit

It is well known that the Hasegawa-Wakatani system reducesto the Hasegawa-Mima

equation in the adiabatic limit, for which the weak turbulence expression for the �ux

becomes:

h� i =
X

k + p+ q=0

� k ;p ;q � � (� ! ) (Pk ;p ;qCq@X Cp + Pk ;q;pCp @X Cq )

where � k ;p ;q is either

� k ;p ;q = kyk2 + pyp2 + qyq2

20



for the energy, or

� k ;p ;q = �
�
qy

�
1 + p2

� �
p2 + 2q � p

�
+ py

�
1 + q2

� �
q2 + 2q � p

��

for the enstrophy and

Pk ;p ;q =
qy(q2 � p2) + 2px ẑ � q � p

1 + k2
.

However the mismatch is

� ! = �
(qy ((1 + p2) (p2 + 2q � p)) + py ((1 + q2) (q2 + 2q � p)))

(1 + p2) (1 + q2) (1 + k2)
= 0 ,

so the coef�cient of the enstrophy �ux in the x dir ection vanishes exactlywhen the reso-

nancecondition is satis�ed. In fact,

� k ;p ;q(W) =
�
1 + p2

� �
1 + q2

� �
1 + k2

�
� ! (22)

for enstrophy, where � ! is the wave mismatch.

This is not exactly the case for energy. Nevertheless, in the long wavelength limit

(k? � i � 1), which, one might argue, is the most relevant casefor drift wave turbulence,

� ! � �
(qy (p2 + 2q � p) + py (q2 + 2q � p))

(1 + p2) (1 + q2) (1 + k2)
� 0 (23)

and

� k ;p ;q(" ) = kyk2 + pyp2 + qyq2 �
�
1 + p2

� �
1 + q2

� �
1 + k2

�
� !

aswell.

These results mean that, energy and enstrophy are conserved “locally” in the

Hasegawa-Mima equation, within the framework of weak-turbulence theory. It should

be noted that there is also linear dispersion, which can “disperse” a wave-packet and

destroy its localization. Non-r esonant interactions (or resonancebroadening) would sim-

ilarly break down the local conservation constraints. Notice also that intr oduction of

zero-frequency modes, such as zonal �ows, or convective cells, might also change this

pictur e. This result is not surprising, and it can be viewed simply as a critique of the

application of simple weak turbulence theory to describe the spreading of turbulence in

the Hasegawa-Mima model.
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B. Near-adiabatic limit

The Hasegawa-Wakatani equation has a special form in the limit of large c (i.e. c & 1).

Assuming � � � :

! k �
ky

1 + k2


 (+)
k �

1
c

k2
yk2

(1 + k2)3 � � k2 � � eddy


 (� )
k � � c

(1 + k2)
k2

�
1
c

k2
yk2

(1 + k2)3 � � k2 � � eddy (24)

where � eddy is the eddy damping rate, which is an ad-hoc coef�cient describing the effect

of higher order moments on the second order, included here for �exibility . Notice here

that even though the growing mode is weakly growing, the damped mode is actually

strongly damped (
 (� )
k � � c). This is in contrast to the hydr odynamic limit, where the

two modes grow or damp at approximately equal rates. Basedon this observation, we

will completely neglect the damped mode in the near-adiabatic limit. Sincethe dispersion

relation is still the same,this implies D (K K )
p = 0. Wewill compute the restof the dif fusion

coef�cients in various limiting cases.

An important point to note is that, as we shall seebelow, in all the casesconsidered

either D (K K )
p � D (N K )

p � 0 when D (N N )
p is �nite, or D (N N )

p � D (N K )
p . This indicates

that the internal energy spreads dif fusively, with a dif fusion coef�cient proportional to

the kinetic energy. Thus one can speak of a “spr eader” (the �ow) and a “spr eadee” (the

density). This tendency remains prevalent as long asD3 > (D1 � D2), which is very easy

to satisfy, since for almost all p: D (N N )
p > (D (K K )

p � D (N K )
p ).

All theseresults point to the conclusion that, except for very restricted cases(i.e. when

most of the wave-numbers are suppressed for example), the internal energy will lead

the enstrophy of kinetic energy in spreading into a stable region at least by a few linear

growth times (since the timescale for the linear coupling between N and K is the linear

growth time). As we shall see,this is also consistent with what is observed when (18a,b)

are numerically integrated.
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C. Resonant interactions

In order to make any practical senseout of expressionssuch as(16),an understanding

of the threewave resonanceis necessary. Even though a general calculation is not feasible

(in the sensethat the resultsare too complicated), certain limits canbeexplored. One such

caseis when one member of the triad is a zonal �ow (i.e. qy � 0). It is important to note

that this will immediately qualify the interaction asa resonant interaction with ky = � py

and k2 = p2 . This is one way to see why zonal �ows are essential to the dynamics

of Hasegawa-Wakatani turbulence. Here we will discuss this case,along with the case

when one of the modes is a streamer (i.e. hasqx � 0).

1. qx � 0 -thespreaderis asmallscalestreamer

Evaluating (20) and (21) using the resonancecondition (23), where qx is set to zero,

yields the dif fusion coef�cients:

D (N N )
p �

h(px ; py)
2

�
K

�
0; � py(1 + p2

x=3p2
y)

�
+

1=9
p2

y=p2
x + 1=9

K
�
� px ; p2

x=3py

�
�

(25a)

and

D (N K )
p �

h(px ; py)
2

" �
p2

y=p2
x + 1=3

�

1 + p2
y=p2

x
N

�
0; � py(1 + p2

x=3p2
y)

�
�

1=3
1 + p2

y=p2
x
N

�
� px ; p2

x=3py

�
#

(25b)

where

h(px ; py) =
(p2 + 1)

�
p2

y (1 + p2
x=9) + p4

x=9
� � �

p2
y + p2

x=3
� 2

+ p2
y

�

3p4
y

�
p2

y + p2
x=3

� .

Here D (N N )
p is positive de�nite (note that jpy j � jqy j ). A particularly interesting limit of

this caseis when px is also zero, for which

D (N N )
p

K (0; � py)
�

D (N K )
p

N (0; � py)
�

�
p2

y + 1
� 2

p2
y

. (26)

Notice that a streamer is actually the radially elongated limit of the convective cell

solution. In other words, a streamer has qz � 0 aswell asqx � 0. The mode discussed in

this section has�nite qz sincewe used the adiabatic dispersion relation. Nevertheless it is

also common to call those linear solutions streamers.This is in fact the reasonwe call it a
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“small scale” streamer (“small scale” denoting the scaleof �uctuations in the z dir ection).

In fact, a true streamer should also also have qz � 0, hence c � 1 . Let us consider this

particular case(which also requirestreating the damped modes) next.

2. qx � 0, c � 1, -thespreaderis a largescalestreamer

When one of the modes involved in the triad is a qx � 0 hydr odynamic mode, the

resonancecondition becomes

� ! (� ) =
py

1 + p2
�

ky

1 + k2
�

s
cjqy j
2q2

y
= 0

where � ! (+) and � ! (� ) are the mismatches for the growing and the damped hydr ody-

namic modes, respectively. The approximate solution of the resonancecondition is

qy = � qy(px ; py) � �
sign(1 + p2

x � p2
y)c1=3 (1 + p2)4=3

21=3(1 + p2
x � p2

y)2=3
, (27)

and

ky = � py � qy(px ; py) .

This determines the dif fusion coef�cients to be:

D (N N )
p �

2(1+ p2)
3

�
�1 + p2

x � p2
y

�
�

"

K (0; qy(px ; py)) +
(� py � qy(px ; py))2

p2
x + (� py � qy(px ; py))2 K (� px ; � py � qy(px ; py))

#

(28)

and

D (N K )
p �

2(1+ p2)
3

�
�1 + p2

x � p2
y

�
�

�
p2

y

p2
N (� px ; � py � qy(px ; py))

�

The dif fusion coef�cients are both positive de�nite.

Another interesting observation is that when we set px = 0 in these expressions,the

dif fusion coef�cients become:

D (N N )
p �

4(1+ p2
y)

3
�
�1 � p2

y

�
� K (0; qy(px ; py)) and D (N K )

p �
2(1+ p2

y)

3
�
�1 � p2

y

�
� N (0; � py � qy(px ; py))

both of which are singular as py � 1. Notice that py � 1 and px � 0 is usually the most

unstable mode for various types of drift instabilities. This means a large scalestreamer

will “most effectively spread” the most unstable mode. Note that even though py � 1

also causes(27) to become large, it is also proportional to c1=3 which may be arbitrarily
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small. This means if p2
y = 1 + � , as long as � is small but at the same time large com-

pared to
p

c, interaction between a large scalestreamer and a drift wave is feasible. Not

surprisingly this is also the most ef�cient mechanism for spreading of all the casescon-

sidered in this study, and is comparable only to the casewhen all the interacting modes

are hydr odynamic.

3. qy � 0 (spreaderis azonal�ow)

Zonal �ows, being poloidal �ows, do not causeradial transport. This is true for the

transport of �uctuation energy as well as particles. However, if a certain “nonlinear

model” considers only the couplings via the zonal �ows (e.g. [11]) and neglects all di-

rect �uctuation-�uctuation couplings, this simple fact becomesobscured. To the extent

that nonlinear interactions drive the transport, it may seemasif the zonal �ows were the

causeof the transport. For example if one turns-of f the zonal �ow , since all the nonlin-

ear interaction is also turned-of f, no spreading occurs. One might, therefore, be mislead

into believing that, zonal �ow is the “cause” of spreading. Here we try to demonstrate

conclusively that, this is not the case.

The distinction that was intr oduced for streamers based on their qz is irr elevant for

zonal �ows in practice, since ! (qy ! 0) � 0, whether the mode is hydr odynamic or

not (in other words, zonal �ows are always hydr odynamic). In this case,zonal �ows

may only “mediate” the interaction, by allowing two oppositely dir ected drift waves to

interact with each other thus letting them also spread one another, while being spread

by them. Zonal �ows do not causespreading themselves, as the dif fusion coef�cient is

independent of the zonal �ow amplitude. The resonancecondition with qy � 0 gives

qx = � 2px and:

D (N N )
p =

(1 + p2) p2
y

4jpxpy j p2
K (px ; � py) D (N K )

p �
(1 + p2) p2

y

4jpxpy j p2
N (px ; � py) : (29)

Here D (K K )
p is already zero, due to the the fact that �ux coef�cient is proportional to

mismatch.

Notice that the spreading here is caused by the `other' drift wave, i.e. the ky = � py

mode, and not the zonal �ow (see�g 4). Physically, spreading occursvia inhomogeneous

scattering of the drift wave by the zonal �ow .
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4. py = 0 (spreadeeis azonal�ow)

Even though zonal �ows do not `spread' drift waves, a drift wave can spread a zonal

�ow , along with the other drift wave in the triad, resulting in spreading of the total tur -

bulence (i.e. the sum of the zonal �ows and the �uctuations). In this casethe dif fusion

coef�cients become

D (N N )
p =

Z �
1 + q2

y + p2
x=4

� 2
q2

y

2jqypx j (q2
y + p2

x=4)
[K (� px=2; qy) + K (px=2; � qy)] dqy (30)

which is positive de�nite. On the other hand, D (N K )
p vanishes,since for py = 0

D (N K )
p � �

qypy

p2
Nq �

kypy

p2
Nk ! 0 .

Therefore turbulence with zonal �ows may in fact spread, via nonlinear interactions (be-

tween q and k in this case)“mediated” by the zonal �ow (p here). However the role of

the zonal �ow in this type of spreading is predominantlypassive. The zonal �ow allows

two drift waves that are oppositely aligned in the y dir ection to resonantly interact and

therefore spread eachother. While doing that, they also spread the zonal �ow as a side

effect. This is neither the dominant interaction, nor do zonal �ows play any essentialrole

in the spreading here.

D. Consequences

Before continuing further , it is absolutely necessaryto summarize these results and

explain what they mean, physically. First and foremost of all, the primary observation

is that for all the casesconsidered here, be it the near-adiabatic or hydr odynamic limits,

D (N N )
p � D (N K )

p > D (K K )
p consistently, which implies, D3K � D2N > D1K for any rea-

sonableensembleof drift wave turbulence (i.e. containing a variety of modes). Sincethe

dominantdiffusion coef�cientD3K accountsfor the diffusion of N by K , we can talk abouta

'spreader' K anda 'spreadee'N . Suchan orderingstrongly impliesthat thespreadingof N will

leadthespreadingofK . This is a concrete observation and a testableprediction.

Secondly, the processby which the zonal �ows are involved in the spreading of tur -

bulence is clari�ed. Zonal �ows do not causespreading dir ectly (none of the dif fusion

coef�cients are proportional to the zonal �ow amplitude so long aszonal �ow damping
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is neglected), however they “mediate” spreading by scattering the drift modes, while in

fact being spread by them. It is clear from expressionssuch as(29)and (30), that the drift

modes [i.e. (� px=2; qy) and (� px=2; � qy)] in fact causespreading of the zonal �ow and

eachother at the sametime. Thus we call the drift modes the “spr eaders” and the zonal

�ow the “spr eadee”. Noticethat it is in fact theconservedsumof thedrift waveandthezonal

�ow energiesthat actuallyspreads.

When the effect of zonal �ow damping is included, it results in broadening of the

three wave resonanceand thus in a radial energy �ux proportional to the zonal �ow

damping. This is not surprising, becausezonal �ows inhibit transport and spreading by

shearing apart structures with radial extent. Thus, anything that damps the zonal �ows

will necessarily lead to turbulence spreading. Also, secondary instabilities of the zonal

�ow (i.e. tertiary instabilities of the drift waves), such asthe Kelvin-Helmholtz break-up

[38], would result in asimilar outcome. Onceagain, any processthat reducesthe inhibitor

enablesspreading.

It is also important to note that there is a very large number of other modes which

could similarly mediate spreading, and in addition contribute to the spreading them-

selves.The total sum of this largenumber of modes contributes much more to the spread-

ing than zonal �ow mediated spreading processalone. Therefore it is not in any way

justi�able to neglect the effects of all theseother modes basedon arguments about zonal

�ow interaction being stronger when compared with only one of the other modes. In fact,

since1=cdoesnot appear in the expressionsEqn. (29)and Eqn. (30),even that claim may

not be justi�ed.

Another interesting observation concerns the most ef�cient path to spreading. Finite

qz streamers,just like any other drift mode on the resonancemanifold, may contribute to

the spreading phenomenon even though they are not particularly effective. On the other

hand, streamersaslarge scaleconvective cells elongated in the radial dir ection (and thus

having c � 1), arevery interesting from the point of view of being particularly ef�cient in

enabling spreading. First of all, the properties of suchstructuresdo not changewhen they

themselvesare subjectedto spreading. This is essential,becausethey can keep spreading

other modes ef�ciently without being scattered into other parts of k space.The condition

that a largescalestreamerinteracts with asmall scaledrift wave seemsto bethat 1+ p2
x � p2

y

must be small, but at the same time large compared to
p

c (which is already very small
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as,the streamer is assumedto be hydr odynamic). Pragmatically speaking this allows the

dif fusion coef�cient to be as large asO(1=
p

c). Notice also that the most unstable modes

in most drift wave turbulence problems satisfy theseconditions. This makes large scale

streamersparticularly interesting, becausethey canspread the mostunstable modes, most

ef�ciently .

Similarly hydr odynamic interactions in general are more ef�cient than near-adiabatic

ones,asnear the hydr odynamic limit all the dif fusion coef�cients scaleas1=
p

c, which is

large. However this may in fact be unphysical, as it may be argued that due to resonance

broadening, weak turbulence will not be valid for those types of modes. Here we argued

that local saturation is robust enough that a weak turbulence theory (for the purpose of

spreading) may be basedon a locally saturated state.

VI. SOLUTIONS AND IMPLICA TIONS OF THE SPREADING MODEL

N = K = 
 =
 N L is a �xed point of the two-�eld model. In fact by letting N � K � "=2,

the equation for the total energy becomes

(@t + vgx@X ) " = @X (D0"@X " ) + 
 " � 
 N L "2 (31)

where D0 � (D1 + D2 + D3) =4. This is the usual nonlinear Fisher equation, which fre-

quently appears in the study of spreading phenomena [16, 17]. Thus all the solutions of

(31),which were already given in somedetail in [13], are also solutions of (18a,b)near the

�xed point. However, since there are more degreesof freedom in the two-�eld model,

various other things may be expectedto happen. Even though there is a host of exactan-

alytical solutions (for instance those of the 1 �eld model), it is not clear a priori, which of

thosesolutions will actually be realized. However numerical solutions of this 1-D, 2-�eld

system is quite feasible. Here we use a two-�eld version of the samenumerical method

used in [13], which employs an implicit Crank-Nicolson schemefor the linear terms, a

thir d order Runge-Kutta-Wray scheme (RKW-3) for nonlinear terms, and simple �nite

dif ferencing approximations for the spatial derivatives. The agreement of this numerical

method, with exact analytical solutions was tested and found to be quite accurate. The

result, as expected, is a slight enhancement of spreading due to the internal energy dy-

namics. In fact it is clear that spreading of internal energy “leads” that of kinetic energy
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by some �nite amount in most casesof interest (seeFig 5).

VII. DISCUSSION AND CONCLUSIONS

In this paper, we developed a theory of turbulence spreading for the two-�eld

Hasegawa-Wakatani system. The principal results of this paper are:

a) the systematic derivation of Markovian closure expressionsfor the �ux of kinetic

and internal �uctuation energy. Theseexpressionsmay be thought of asa statistical gen-

eralization of the Whitham modulation theory which accountsfor mode couplings.

b) the simpli�cation of the closure expressions to obtain two coupled, nonlinear

reaction-dif fusion equations for the kinetic and internal energy density. Theseequations

reduce to earlier, simpler models in the appropriate limits,

c) the calculation of the �uctuation energy �ux in various limits. Speci�cally we have

systematically studied the ef�cacy of dif ferent interaction mechanisms for turbulence

spreading. Theseresults are summarized in Tables1 and 2.

d) the conclusion that spreading of internal energy `leads' the spreading of kinetic

energy. This prediction is easily testablevia numerical simulation.

e) the conclusion that zonal �ows are not the predominant agentsof spreading.

The model agreesqualitatively with earlier models of spreading, in that it can be re-

duced to the single equation model with additional assumptions, and it also veri�es their

validity in the appropriate limit. There are various additional observations that can be

made via the two �eld model, however.

It is our belief that, the tendency of K to lag behind N is connected to the fact that,

in two-dimensional turbulence, kinetic energy tends to inverse cascade,whereasinternal

energy set by the “passive” scalar, tends to cascadeforwar d. Dif fusion coef�cients D 1

and D3 are linked to the concept of eddy viscosity in homogeneous isotropic turbulence.

Sinceit is well-known that eddy viscosity is negative (at least for �uid) 2D hydr odynamic

turbulence, such a correspondenceis not unexpected. Simply put, N spreads faster be-

causeit is mixed on small scales.

However asnoted in the intr oduction, the synergy between forwar d and inverse cas-

cadespossible in a two �eld model may facilitate spreading into stable region. Notice

that if one measures the E � B �ow energy, it is possible to �nd larger scalestructures
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in the damped region [39] . This may be a manifestation of the fact that the turbulence

at the scaleof the driver (i.e. mixing scalecorresponding to the most unstable mode) is

spread most effectively by “str eamers” or large scale,radially elongated convective cells,

which have low kz (i.e. c � 1). This is a manifestation of the fact that we need both

the large scalestructures, which effectively spread the turbulence, and the smaller scale

turbulence, which can be spread by the large scalestructures. However if one measures

the density or the internal energy in the damped region, it should consist mainly of small

scalecontributions if the spreading is a result of nonlinear mode coupling.

Another point is that the kinetic energy is mixed at a smaller scale (the scale of the

most unstable mode) in the unstable region, which then inverse cascadesto larger scales

and either gets damped by back-coupling to small scalesor accumulates at the largest

scale. In any casethe processis continuous, so all the scalesbetween the mixing scale

and the largest scalesexist in the unstable region. However, once the turbulence enters

the damped region, it is no longer mixed. The inverse cascadecontinues as the turbu-

lence propagates in the damped region. However there is no longer instability driven

mixing at the small scales,therefore the small scalesare not populated. Therefore it is not

surprising to �nd more large scalestructures in the damped region than in the unstable

region. Again, this argument should bereversedfor internal energy, and moresmall scale

turbulence should be observed in the internal energy spectrum in the damped region.

Another important result is on the role played by zonal �ows (qy = 0 modes) in the

processof spreading. First of all, if the drift waves are “adiabatic” (i.e. consistentwith the

Hasegawa-Mima dispersion relation), there is effectively no �ux of energy or enstrophy

for resonant interactions. This is true unless zonal �ow damping is intr oduced, which

causesresonancebroadening. Then the energy dif fusion becomesproportional to the

zonal �ow damping. It should be noted that it is the total energy of the zonal �ow and

the �uctuation that spreads. Hence, the zonal �ow is only oneof in�nitely many mediators.

Removingthezonal�ow doesnot removespreading,andprobablydoesnot evenreduceit. Even

though the zonal �ows automatically satisfy the resonancecondition, they also make the

coef�cient of the kinetic energy �ux vanish, effectively removing resonant interactions.

Thus, any advantage gained from resonant interaction is lost from the point of view of

spreading.

There are various modes on the other hand, for which the resonancecondition is sat-
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is�ed and the kinetic energy �ux coef�cient does not vanish. At least from the point of

view of a weak turbulence analysis, these modes are the most important ones in terms

of facilitating spreading. In particular , spreading induced by hydr odynamic streamers

(on either other hydr odynamic modes, or drift wave turbulence) is shown to be the most

ef�cient. In fact, other physical effects,such asthe shearing of the streamersby the zonal

�ows, that reduce this tendency should probably be included in order to justify the claim

that the resulting dif fusion coef�cient is quantitatively accurate.

Notice that, we mainly considered weak turbulence and weak zonal �ows in this

work. One should also consider strong turbulence and strong zonal �ow casessepa-

rately. Strong zonal or mean �ows are usually incorporated into the framework of TSDIA

as Doppler shifted Fourier transforms. If the linear eigenmodes have the time to form,

this would imply modi�ed eigenmode structure. We also tried to isolate the effects of all

kinds of modes individually . Alternatively , one could assume homogeneous, isotropic

turbulence (for small scales),calculate the dif fusion coef�cients under theseassumptions

and check if intr oducing (strong) zonal �ows (or external shear �ows) enhanceor reduce

spreading. We believe futur e studies on spreading should tackle theseissues.

In accordance with our model, a proper numerical experiment of turbulence spread-

ing in the Hasegawa-Wakatani model requires carefully designed pro�les of local dissi-

pation, parallel collisionality , and density gradient such that there are regions, in which

signi�cant �uctuation intensity is excited, and regions, in which it is weak or absent. The

scaleat which those regions can be distinguished (i.e. � X ) should be much larger than

the characteristic scaleof the turbulence, but small compared to the system size, so that

it can de�ne an envelope scalefor the turbulence which is not confused by interactions

with the boundaries. This probably implies that a very large box size is necessary. One

way to check if the suggestedmechanism of threewave coupling plays an important role

in turbulence spreading, is to examine bicoherence/bispectrum [40] around the bound-

ary of excited region [i.e. where 
 (X ) changesmost rapidly]. One could of course, pick

two neighbouring cells (of size � X ), take windowed Fourier transforms, and compute a

non-local bispectrum where two of the modes are selectedfrom the unstable region and

one from the damped region. This would be a measure of how much intensity is being

non-locally transported via three-wave interactions.

Note that many predictions in this paper are easily testablealso by gyrokinetic codes.
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The major testable prediction is that N leads K in spreading. Another one is the predic-

tion that zonal �ows do not play an essential role in spreading and removing the zonal

�ows would not stop spreading. Finally, the role played by streamersor convective cells

should also be testable by simulations. This can be achieved for instance by compar-

ing two dif ferent types of turbulence (say ETG and ITG) i.e. one casewhere the code is

known to lead to the formation of streamersand another casewhere it is known to lead

to the formation of zonal �ows. Notice that this is insensitive to the fact that ETG may

also actually form zonal �ows in the long time limit. What is important here is to use

a code (and a value of the magnetic shear) that leads to the formation of streamers,and

look for the spreading in the presenceof thesestreamers.
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Appendix A: LINEAR THEORY OF HASEGA WA-WAKA TANI SYSTEM

The linear responsefunction to the Hasegawa-Wakatani problem is

R��
k (t; t0) = r �� 


k e� � 

k jt � t0j

where

r �� 1
k =

1
� 1

k � � 2
k

0

@� 1
k � �k 2 � c � c=k2

ik y � c � 1
k � � k2 � c=k2
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where

! (r )
k = �
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2
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+

� c
k2

+ � k2
� i

Notice that this implies that the eigenmodes for the decaying and the growing modes

may be put together in to the form.

� (1)
k = � isign (ky)
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q
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q
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respectively.

Appendix B: CONSERVATION LAWS

If we take (1a)and multiply by � and rearrangewe get the law of conservation of total

kinetic energy:

@t

 
[r �] 2

2

!

+ r �
�
� � @t r � + � � rr 2� � � (r � � r ) r �

�

+ � rr � : rr � � c� (n � �) + r �
�

� 2

2
ẑ � rr 2�

�
= 0 : (B1)

Similarly multiplying (1b) by n, and rearranging, we get the law of conservation of total

internal energy:

@t

�
n2

2

�
+ n@y � + cn(n � �) � r � (� r n) + � (r n)2 + r �

�
n2

2
ẑ � r �

�
= 0 : (B2)

The last terms in eachof these equations correspond to the nonlinear spatial �ux of the

conserved quantity due to the advectionby the E � B �ow associatedwith the �uctuating

scalarpotential � . There is no internal energy analog for the electrostatic �eld (i.e. � 2)
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since � can not advect itself. However � may advect vorticity . This is the reasonwhy the

kinetic energy equation hasmore derivatives.

When the two equations are added, the equation for total energy,

" � K + N �
[r �] 2

2
+

n2

2

is obtained in Poynting's form

@t " + r � � " + Q = 0

where Q is the total dissipation minus the total internal drive and the total �ux of energy

� " is the sum of the �ux of internal energy and the �ux of kinetic energy, i.e.

� " =
� 2

2
ẑ � rr 2� +

n2

2
ẑ � r � � � K + � N :

Since the Hasegawa-Wakatani system is linearly unstable and there is dissipation, Q is

non-zero, in general. This means none of these quantities are actually conserved “lin-

early”. However they are still very important as they are “nonlinearly” conserved. In

other words, the mode coupling processesrespectthesequantities.

Notice that for the Hasegawa-Wakatani system there are at least two more similarly

conserved (i.e. nonlinearly conserved) quantities , the enstrophy
D

(r 2�) 2
E

and the

“cr oss-helicity” hnr 2� i . Here we will not consider the independent evolution of those

quantities and instead only point out that they can induce linear coupling between N

and K . Notice that similar conservation laws of the gyro-kinetic equation (from which

the Hasegawa-Wakatani model may bederived) are known to beuseful in benchmarking

simulation codes[41] .

Appendix C: SPREADING IN THE HYDRODYNAMIC LIMIT

The spreading of energy vanishes for the adiabatic limit. Even in the near-adiabatic

limit, the spreading is exclusively due to the spreading of N . Even though this tendency

prevails in the more general caseaswell, the dif fusion coef�cient for kinetic energy is not

always strictly zero. In order to demonstrate this, let us consider the hydr odynamic limit

(c ! 0) of the Hasegawa-Wakatani equations (with � � � ):

(@t + ẑ � r � � r ) r 2� � � r 4� = � cn (C1)

(@t + ẑ � r � � r ) n + @y � � � r 2n = 0 (C2)
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which gives the wave frequency

! (� )
k � � sign(ky)

r
cky

2k2

and the growth and damping rates:


 (� )
k � � sign(ky)

r
cjky j
2k2

� � k2 � � eddy :

Notice that in order to justify weak turbulence (! > 
 ) treatment, we have to assume

saturation, i.e. 
 (� )
k � 0� , which means that both the growing and the damped modes

may contribute to the resonance. Of course, if all the modes are damped one does not

expect any nonlinear interaction, therefore we only consider two cases,namely when all

the modes are growing and when only one of the modes is damped.

Resonant interactions

Again, a general calculation of the resonancemanifold is not feasible,therefore we will

consider various limiting cases.

qy = 0 (Spreaderis azonal�ow)

Using the hydr odynamical limit of the dispersion relation the resonancecondition for

the caseqy = 0 (i.e. ky = � py) is easily solved to give kx = px (i.e. qx = � 2px ). Hence

an isoscelestriangle with one leg having qy = 0 representsa resonant interaction. In this

limit

D (N N )
p =

s
2

cjpy j

p2
y

jpx j
K (px ; � py) D (N K )

p �

s
2

cjpy j

p2
y

jpx j
N (px ; � py) : (C3)

When one of the modes is a zonal �ow , the resonancecondition causesthe �ux coef�cient

qyk2 + pyp2 + kyk2 to vanish for the hydr odynamic limit as well as the adiabatic limit,

resulting in:

D (K K )
p � 0 :
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px = 0 (Spreadeeis azonal�ow)

Similarly , the resonancecondition yields qx = � px =2, which in turn yields

D (N N )
p =

Z s
2

cjqy j

�
q2

y + p2
x=4

� 1=2
q2

y

2jpx j
[K (� px =2; qy)dqy + K (px=2; � py � qy)] dqy D (N K )

p � 0 :

(C4)

and

D (K K )
p � 0 :

asusual since the resonancecondition causesthe �ux coef�cient to vanish.

qx = 0 (Spreaderis astreamer)

The resonancecondition

� ! =
r

c
2jqy j

�

s
cjpy j
2p2

�

s
cjpy + qy j

2
�
p2 + q2

y + 2pyqy

� = 0

can't be solved in a simple manner. Therefore we will use the approximate solution:

qy = � py

�
1 + p4

x=4p2
y

�

yielding

D N N
p � h(px ; py)

�
K

�
0; � py

�
1 + p4

x=4p2
y

� �
+

p2
x=4py

1 + p6
x=16p2

y
N

�
� px ; p4

x=4py
�
�

, (C5a)

D N K
p � h(px ; py)

�
p2

y

p2
N

�
0; � py

�
1 + p4

x=4p2
y

��
+

p4
x

4p2
N

�
� px ; p4

x=4py
�
�

(C5b)

and

D K K
p �

h(px ; py)p2
x (3p4

x=4 � 1)

p2
�
2p2

y + (px=2)3�
� �

(px=2)3 + p2
xp2

y � 6p2
y

�
K

�
0; � py

�
1 + p4

x=4p2
y

� �

+
�
� (px=2)3 + p2

xp2
y + 4p2

y

�
K

�
� px ; p4

x=4py

� �
(C5c)

h(px ; py) �

s
2

cjpy j

�
1 + p4

x=4p2
y

�
 

2p2
x

�
p6

x + 16p2
y

� 3=2
jpj jpy j

2 jpj jpy j (8p4
x + 16py � p6

x ) + p2
x

�
p6

x + 16p2
y

� 3=2

!

Notice that the �rst two arepositive de�nite, whereasthe sign of the last oneuncertain,

but usually positive for 1 > py > px .
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Figures:

Figure 1: Spreading can occur via nonlinear mode couplings. Both the inverse cascadeand the

forwar d cascade(usually of dif ferent quantities) are important for the spreading to be substantial.

The inverse cascadeof energy in the unstable region may result in radially elongated convective

cells that spread the internal energy very effectively. The internal energy then cascadesforwar d

and gets damped in the stable region. If the nonlinear transfer rate is faster than the damping

rate, turbulence can accumulate in the stable region.

Figure 2: The resonancemanifold for a given value of q ( qx = 0:5, qy = 0:8 ) and parameters

� = 0:2 , � = 0:27 and c = 1:6 is depicted. The tip of the p vector that is in resonancewith the

given q, spansthe above curve, where the �nal wavenumber of the triad is k = � p � q.

Figure 3: (Color online) In order to answer the question of sign of D 1, we need to

evaluate the integral (14) along the resonance manifold. The �gur e shows the sign of
�
kyk2 + pyp2 + qyq2

� �
qy

�
q2 � p2

�
+ 2px ẑ � q � p

�
=k2p2q2 (shaded regions are positive) and the

resonancemanifolds in the adiabatic limit and the hydr odynamic limit (c = 0:01) superimposed,

for the casep = (0:5; 0:2).

Figure 4: (Coloronline)Cartoon of the two-scale dir ect interaction between a zonal �ow and two

drift waves of equal and opposite poloidal wave-numbers. Drift waves spread one another as

well as the zonal �ow . Zonal �ow allows that only by completing the triangle. Notice that there

are many other triangles completed by many other k 's. In fact when one of the legs is not a zonal

�ow , all the legs contribute to spreading unlike the zonal �ow , which gets a freeride.

Figure 5: (Color online) Numerical solutions of the two-�eld model across the full radius. Here,

dotted lines correspond to the internal energy, N and the solid lines to the kinetic energy, K . In all

the casesconsidered with equal, or similar dif fusion coef�cients, N leads K slightly even though

K saturates �rst. Also there is much more N in the “stable” region than K . Shown here are a)

D1 � D2 � 0, D3 = DGB and � = 0:2, b) D1 = D3 = DGB and � � 0:2 c)D1 = D2 = D3 = DGB

and � = 0:8 and d) D1 � D2 � 0, D3 = DGB and � = 0:9, . Where DGB = D
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Tables:

Table I: Table of results for the dif fusion coef�cients in the near-adiabatic limit, giving information

about the relative values of the dif fusion coef�cients. Recall that D K K � D K K
p is the coef�cient

of @X K in the expression for the �ux of K , D N N is the coef�cient of @X N in the expression for

the �ux of N , and D N K is the coef�cient of @X K in the expression for the �ux of N . D always

corresponds to D N N and � is simply a p dependent coef�cient which is always less than 1. In

addition to thesewe have also considered the interactions between a hydr odynamic streamerand

two adiabatic drift waves. The result for that caseis given in Eqs(28)

Table II: Table of results for the dif fusion coef�cients in the hydr odynamic limit, giving infor -

mation about the relative values of the dif fusion coef�cients. Recall that D K K � D K K
p is the

coef�cient of @X K in the expressionfor the �ux of K , D N N is the coef�cient of @X N in the expres-

sion for the �ux of N , and D N K is the coef�cient of @X K in the expression for the �ux of N . D

always corresponds to D N N and � and �
0

are simply p dependent coef�cients which are always

lessthan 1.
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Stable Region Unstable Region

Figure 1: Spreading can occur via nonlinear mode couplings. Both the inverse cascadeand the

forwar d cascade(usually of dif ferent quantities) are important for the spreading to be substantial.

The inverse cascadeof energy in the unstable region may result in radially elongated convective

cells that spread the internal energy very effectively. The internal energy then cascadesforwar d

and gets damped in the stable region. If the nonlinear transfer rate is faster than the damping

rate, turbulence can accumulate in the stable region.

Ö.D. Gürcan, P.H. Diamond and T.S.Hahm, Figure 1
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Figure 2: The resonancemanifold for a given value of q ( qx = 0:5, qy = 0:8 ) and parameters

� = 0:2 , � = 0:27 and c = 1:6 is depicted. The tip of the p vector that is in resonancewith the

given q, spansthe above curve, where the �nal wavenumber of the triad is k = � p � q.

Ö.D. Gürcan, P.H. Diamond and T.S.Hahm, Figure 2
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Figure 3: (Color online) In order to answer the question of sign of D 1, we need to

evaluate the integral (14) along the resonance manifold. The �gur e shows the sign of
�
kyk2 + pyp2 + qyq2

� �
qy

�
q2 � p2

�
+ 2px ẑ � q � p

�
=k2p2q2 (shaded regions are positive) and the

resonancemanifolds in the adiabatic limit and the hydr odynamic limit (c = 0:01) superimposed,

for the casep = (0:5; 0:2).

Ö.D. Gürcan, P.H. Diamond and T.S.Hahm, Figure 3
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Figure 4: (Coloronline)Cartoon of the two-scale dir ect interaction between a zonal �ow and two

drift waves of equal and opposite poloidal wave-numbers. Drift waves spread one another as

well as the zonal �ow . Zonal �ow allows that only by completing the triangle. Notice that there

are many other triangles completed by many other k 's. In fact when one of the legs is not a zonal

�ow , all the legs contribute to spreading unlike the zonal �ow , which gets a freeride.

Ö.D. Gürcan, P.H. Diamond and T.S.Hahm, Figure 4



Figure 5: (Color online)Numerical solutions of the two-�eld model across the full radius. Here,

dotted lines correspond to the internal energy, N and the solid lines to the kinetic energy, K . In all

the casesconsidered with equal, or similar dif fusion coef�cients, N leads K slightly even though

K saturates �rst. Also there is much more N in the “stable” region than K . Shown here are a)

D1 � D2 � 0, D3 = DGB and � = 0:2, b) D1 = D3 = DGB and � � 0:2 c)D1 = D2 = D3 = DGB

and � = 0:8 and d) D1 � D2 � 0, D3 = DGB and � = 0:9, . Where DGB = D

Ö.D. Gürcan, P.H. Diamond and T.S.Hahm, Figure 5



spreader!

spreadee

#

qy = 0 and ky = � py (a

zonal �ow and a drift

wave)

qx = 0 (c � 1) and

kx = � px (a small scale

streamer and a drift

wave)

other q and

k = � p � q (two drift

waves)

py = 0 (i.e. zonal �ow)
D K K = 0

D N N = D N K = 0

D K K = 0

D N N = D N K = 0

no resonance

�

�

�

�

D K K = 0

D N N = D , D N K = 0

seeEqn (30)

px = 0, c � 1 (i.e. small

scalestreamer)

D K K = 0

D N N = D N K = 0

D K K = 0

D N N = D , D N K = D

seeEqn (26)

D K K = 0

D N N = D , D N K 6= 0

not computed

other p (i.e. drift wave)

�

�

�

�

D K K = 0

D N N = D N K = D

seeEqn (29)

D K K = 0

D N N = D , D N K = �D

seeEqn (25)

D K K = 0

D N N = D , D N K 6= 0

not computed

Table I: Table of results for the dif fusion coef�cients in the near-adiabatic limit, giving information

about the relative values of the dif fusion coef�cients. Recall that D K K � D K K
p is the coef�cient

of @X K in the expression for the �ux of K , D N N is the coef�cient of @X N in the expression for

the �ux of N , and D N K is the coef�cient of @X K in the expression for the �ux of N . D always

corresponds to D N N and � is simply a p dependent coef�cient which is always less than 1. In

addition to thesewe have also considered the interactions between a hydr odynamic streamerand

two adiabatic drift waves. The result for that caseis given in Eqs(28)

Ö.D. Gürcan,P.H. Diamond and T.S.Hahm, Table 1



spreader!

spreadee

#

qy = 0 and ky = � py (a

zonal �ow and a drift

wave)

qx = 0 and kx = � px (a

streamer and a drift

wave)

other q and

k = � p � q (two drift

waves)

py = 0 (i.e. zonal �ow)
D K K = 0

D N N = D N K = 0

D K K = 0

D N N = D N K = 0

no resonance

�

�

�

�

D K K = 0

D N N = D , D N K = 0

seeEqn (C4)

px = 0 (i.e. streamer)
D K K = 0

D N N = D N K = 0

D K K = 0

D N N = 0 , D N K = 0

seepx ! 0 limit of Eqn

(C5)

D K K = 0

D N N = D , D N K 6= 0

not computed

other p (i.e. drift wave)

�

�

�

�

D K K = 0

D N N = D N K = D

seeEqn (C3)

D K K = �
0
D

D N N = D , D N K = �D

seeEqn (C5)

D K K = 0

D N N = D , D N K 6= 0

not computed

Table II: Table of results for the dif fusion coef�cients in the hydr odynamic limit, giving infor -

mation about the relative values of the dif fusion coef�cients. Recall that D K K � D K K
p is the

coef�cient of @X K in the expressionfor the �ux of K , D N N is the coef�cient of @X N in the expres-

sion for the �ux of N , and D N K is the coef�cient of @X K in the expression for the �ux of N . D

always corresponds to D N N and � and �
0

are simply p dependent coef�cients which are always

lessthan 1.

Ö.D. Gürcan,P.H. Diamond and T.S.Hahm, Table 2


