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oü<Gþ;d=	�d�{�$ù>?$J@IÆù÷?R={4 � �$ù
�$�$ù÷?$JLIKù>?$J@?`J~úEü��$:<ù>=@M$Gþ?���JL:��$:ýJ��R=	��=eûYG�J@?ØJ@úPû��$:ýÿ����þù>?$;÷ù8�R=@ü�ÿ�ù>ù>?�ûY�{ù8ü��$ÿtsýù÷;÷û0J@úE=~ûýûYù>?�û<G�JL?�Gþ?
ûY�{ùK:ýù>üýùd=@:ý;��l;÷JLIÆI_�$?$Gþû�
`úÍJL:8üýJLIÆù�û<G�IKù 4 í<u A í@í 7\4�5�ù>üý;>:ýG�ÿ$Gþ?���ûY�$ù�M$ù'�Lù��þJ��$IKù>?�ûDJ@ú�=Øû��$:ýÿ�����ù÷?�û
ÿ��$:ýüýû>AÈü��$;��l=@ü8ûY�R=~ûT0��$G�;��.J�;÷;��$:ýüD=~ûN�LJL:�ûYù��2û��$ÿ�ù�:<ù÷;>JL?{?$ù>;WûYG�J@?BAPG�ü8=�;���=@ü<üýG�;r�$:ýJLÿ��þù>I G�?A`a�$GþM
M�
o?R=@IKG�;÷ü>4 � �$:<ÿ�����ù>?{;>ù�ü��$:ýùd=@M{G�?��"0#=@ü 
 :ýüýû�ü�û��$M$Gþù>M�ü�
oü�ûYù>IÆ=~û<G�;d=)����
.Gþ?âûY�$ù�;÷JL?�ûYù���û�J~ú0ú��{ü<G�J@?
����=@ü<IÆ=@üÞÿ&
*v�4o7Î=@:ýÿjùWûdA�ù÷û>4 =)�m4 4 í 5<7mA&0��$JDü<J	���L��û�ûYJ��$?$M$ù÷:<üýûY=@?$MË=@?$M�ù'������=@G�?�?$JL?t����Jo;d=)�{:<ù��H=8�{=~û<G�JL?
�$�$ù÷?$JLIKù>?R=�4 � �$G�ü�ü�û��$M�
Ø;>JLI��R=@:ýù>M,��Gþ?$ùd=@:/w\=@üýü<Jo;>G�=~ûYù÷M�0�GþûY��û<JL:<JLGþM$G�;÷Gþû�
�x�=@?$M�?$JL?��þG�?$ù>=@:#ü��R=~û<GH=	�
ù>?{ù>:��)
6û<:Y=@?$ü�úÍù>:p�$:<Jo;>ù÷ü<ü<ù÷ü>4����{ÿ$ü<ù�>t�{ù>?�û��G
LA�ü��{:<ùd=~M$G�?��T�$�$ù>?{JLIÆù÷?R=��R=+�@ùÝÿjù÷ù>?�J@ÿ$ü<ù÷:��Lù÷M�G�?vüýù��@ù>:Y=)�
;>J@IB����ûYù>:�üýG�I*����=~ûYGþJL?$ü 4 í 9 A í ;)7\4y��?äû<�$ùz�R=@üýû�û�0�J{
Lù>=@:<ü÷A#ûY�{ù>:<ù`�R=@üKÿ�ù>ù>?ä:<ù÷?$ù�0�ù>M¢Gþ?�ûYù>:ýù>ü�ûËGþ?
ü��{:<ùd=~M$G�?��tJL?Ü=~;>;>J	�$?�û�J@ú#û<�$ùË�&
t��J@ûY�$ù÷ü<GþüvûY�R=eûvGuû6IÆ=+
�ÿjùÆ:<ù��H=~û<ù>Mlû<Jtû<�$ùÆÿ{:<ùd=)IoM{JM0�?ãJ~ú|�	
o:<J)�
} JL�{I*ü<;d=)��G�?��.J@ÿ$ü<ù÷:��Lù÷M¢G�?�?(�$IKù>:<Gþ;d=	��üýG�I*���H=~û<G�JL?$ü 4 í =�~ í X87\4yC ü<G�I����þùËûY�$ù÷JL:<ùWûYGþ;d=	��IKJ�M$ù��%0#=@ü
�$:ýJ��jJ@ü<ù>MÆûYJvü�������JL:ýû�ûY�$Gþü��&
t��J@ûY�$ù÷ü<Gþü 4 í \ A í e 7\4��È=eûYù>:÷A�-÷JL?R=	�6`RJ<0¼;>J	������Gþ?��DG�?Æû<JL:<J@G�MR=	�a�@ù>JLIKù÷û<:�

0#=@ü�ü������@ù>üýû<ù>Må=@ü0=@?å=)�þûYù÷:<?R=eûYG��@ù�IKùd=@?$ü�J@úÈúg=@;÷G���Guû�=~û<G�?��Dü��{:<ùd=~M$G�?�� 4 5 u 7m4
CÞ:<ù'��GþJ��$ü���
LA�ûY�{ù#ü��{:<ùd=~M$G�?��3�$:<Jo;>ù÷ü<üE0Ý=@üEM$ù>üý;>:ýG�ÿ�ù>M�ÿ&
6=�üýG�?����þù^�$�$ù>?{JLIÆù÷?$J��þJ��LG�;>=	�Lù�>t�$=~ûYGþJL?6úÍJL:

ûY�{ù[�þJ�;>=	�~û��$:<ÿ�����ù÷?$;>ù�G�?�û<ù>?$üýGþû�

ε
A<0��$Gþ;��6Gþ?$;����$M$ù>üBû<�$ù�ù��jù>;WûYüPJ@ú���Jo;d=	�)��G�?{ùd=@:P�@:<J<0�ûY�6=@?$MÎMR=~IB�$Gþ?��$A

ü��$=~ûYG�=	���G
��þJ�;>=	�B?$JL?���G�?{ùd=@:�;÷J������þG�?���ûYJKM$Gþü<ü<G��R=~û<G�JL?�=@?{Måü��$=~ûYG�=	�Bü<;>=~û<û<ù>:ýG�?��ÆJ@úEû��$:<ÿ�����ù÷?$;>ùDù>?$ù÷:��	

G�?{M��$;>ù÷M�ÿ(
Ü?$JL?��þG�?$ù>=@:v;÷J������þG�?�� 4 í X�A í \ 7\4 � �$ù÷ü<ù`ù��jù>;WûYü�;>JLIvÿ$G�?$ùÆûYJA�LGG�Lù�=@?ãù÷?$ù>:��	
ãù�>(�R=eûYG�J@?
wj�þJ�J@ü<ù��G
�x�J@úÈûY�$ù8úÍJL:ýI

∂ε

∂t
− ∂

∂x
D(ε)

∂ε

∂x
= γ(x)ε − γNL(x)ε(x)2

ûY�{ùtûYù÷:<IKüÆJ~ú/0��$G�;��æ;>JL:ý:<ù>ü��jJ@?$MæûYJl?$JL?��þG�?$ù>=@:�ü��R=eûYGH=)�0üý;d=~ûýûYù÷:<G�?��SwgG\4 ù~4¢û�
t�$G�;>=	���G

D(ε) ∼ ε

xfA
��Gþ?$ùd=~:T�L:ýJM0�û<��=@?$M2MR=~IB�$Gþ?��$A�=@?$MA��Jo;d=)�E?$J@?���Gþ?$ùd=@:�M$ù>;>=+
LA�:<ù÷ü���ù>;WûYG��@ù��G
L4�F0ù>:ýù

γNL(x)
Gþü8=Øü��R=M�

ûYG�=	���G
1�@=~:�
oG�?��2;÷J������þG�?��2;÷J�ù'�K;>G�ù÷?�ûd4 � �$ù,��Jo;d=	��?$JL?��þG�?$ù>=@:�MR=~IB�$Gþ?��hûYù÷:<I ;d=	�{û��$:<ù÷üKû<�$ù�ù��jù>;Wû
J@ú�ü<=~û��$:<=~ûYGþJL?F�oGH=Æ;>J�������G�?��ÆûYJËü<IÆ=	���þù>:0ü<;d=)��ù>ü�M��$ùvû<J���Jo;d=	�ÈIKGG��G�?��{4 � �$ùr�þJ�;>=	�PüY=~û��$:Y=eûYG�J@?"��ù'�Lù��
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ε(x) = γ(x)/γNL(x)
ûY�$ù÷?.;÷JL:<:ýù>ü��jJL?{M$ü8ûYJ�ûY�$ù�û<:Y=@M{GþûYGþJL?R=	�E=@?$M2û<G�IKùv�$JL?{JL:<ù÷Mg! IKGG��G�?�����ù>?��@ûY�P#

��ù'�Lù��m4 � �$G�üÎù>?{ù>:��)
lù�>(�R=~ûYGþJL?�G�ü8ûY�{ùÆGþ:<:<ù÷M��$;÷G�ÿ��þù�IÆGþ?$G�I*�{I J~ú#ûY�{ùÆIKJ�M{ù��mABû<Jz0��{G�;��l=@M$M$GuûYG�J@?R=	�
ù�>(�R=eûYG�J@?$üÙúÍJL:ÙJ@û<�$ù>: 
 ù��þM$ü>Ao=@?$M�;÷JL?�ûY:ýG�ÿ��{û<G�JL?{ü·ûYJ8M�
o?R=~IÆGþ;>ü 0��$Gþ;���úÍù÷ù>M$ÿ$=@;UI�JL?

ε
IË=+
6ÿjù�=@M{M$ù>MB4

O J~ûYùvû<�R=~û�û<�$ù�=@ÿ�J<�Lù�ù>?{ù>:��)
hù�>(�R=eûYG�J@?2IË=@?{GþúÍù>ü�ûYü0ûY�$ù�;÷:��$;÷GH=	�Eù��jù>;WûÎJ@ú�ü��R=eûYGH=)�E;÷J������þG�?��ØGþ?åûY�{ù
?$JL?���G�?{ùd=@:�M$GG�c�$üýG�JL?�û<ù>:<I`4 � �$ù3�H=~ûýûYù÷:�=~:<G�üýù>ü�=@üÝ=Î?R=~û��$:Y=)��;÷JL?$üýù�>(�$ù>?{;>ù8J@ú�?{JL?���Gþ?$ùd=~:�;÷J������þG�?��ÎGþ?
=@?�G�?{�$JLIKJ��Lù>?{ù>J��$ü�üQ
oüýûYù÷ItA�G\4 ù~4

(k · k′ × z)2|φ̃k′ |2τck′εk → − ∂

∂x
D

∂

∂x
εk + k2

θDεk

0��$ù÷:<ù

D =
∑

k′

|Ṽrk′
|2τck′

Z#J�������G�?���G�?
k
=@?{M`üý;d=~ûýûYù÷:<G�?���G�?�ü��$=@;>ùD=@:ýù8G�?$ù��{J@:Y=@ÿ��G
Ë;÷J������þù>MB4d��?,�R=~:ýûYGþ;�����=@:K�~=@:ýGH=~û<G�JL?ÆG�?Øû<�$ù

ü��$=~ûYG�=	��ù>?&�Lù���J���ùÝJ@ú$û��$:<ÿ�����ù÷?$;>ù[0�G�����:ýù>ü����þûÙGþ?vGþ?�û<ù>?$üýGþû�
��$:ýJ 
 ��ù�:<ù���=@MMs��$üýû<IÆù÷?�û>4 � �$ù�ù>?$ù÷:��	
6ù�>(�R=M�
ûYGþJL?`G�I�����Gþù>ü#û<�R=~û0ûY�$ùDG�?�ûYù��L:Y=eûYù>M,`a�$;Wû��R=eûYG�J@?åG�?�û<ù>?$üýGþû�
�G�?t=Æ:ýù��LGþJL?�J@úÞù���û<ù>?�û

4
=@ÿ�J��{û�=���JLGþ?�û

x
wgG\4 ù~4 ∫ x+4

x−4
ε(x′)dx′

x�;>=@?A�L:<J<0ÎA UWS@UWOK^d]eV�O�Umn�a@ZgQTS@U
γ(x)

ABüýJm��JL?��Ø=@ü
D(ε)∂ε/∂x

∣∣∣∣
x+4

x−4

G�ü X'����}

�WQmUWORZgbc[`bua@V\noU 4rC3�þûYù÷:<?R=eûYG��@ù��G
LA
ε
;>=@?�M$ù>;÷:<ù>=@ü<ù~A UWS@UWOÆ^d]eVT.R]qXWQTZgQTS@U

γ(x)
AÈü<�$J	����M

D(ε)∂ε/∂x

∣∣∣∣
x+4

x−4

ÿ�ù X'�'���WQmUWORZgbc[2O�Umn�a@Z\QTS@U 4 O J@û<ùØûY�R=~û
sgn

[
D(ε)∂ε/∂x

∣∣∣∣
x+4

x−4

]
ûY�(�$ü�M$ù 
 ?$ù>üK=2ü<GþIB����ùË?{JL?����þJ�;>=	�

;>:ýGþû<ù>:<GþJL?BARGþ?tûYù÷:<IKü�J~úÙûY�$ùH`a�$;Wû��R=eûYG�J@?åG�?�û<ù>?$üýGþû�
,�$:ýJ 
 ��ù~ARúÍJL:0û<�$ùvGþ?�`a���`J@:�J���û�`RJ<0 J@ú·û��$:ýÿ�����ù÷?�û
ù>?{ù>:��)
�úÍ:<JLI!=��LGG�Lù÷?KGþ?�ûYù>:Q�~=	�RG�?�:Y=~M$G��$ü÷4 � �$ù÷ü<ù�ü<G�I����þùÝJLÿ$üýù>:��~=~û<G�JL?{üÞ?$G�;÷ù���
�G������$üýû<:Y=~û<ù�û<�$ù�úg=@G����$:<ù
J@úÝû<�$ù��þJ�;>=	�ÞüY=eû��$:<=~ûYGþJL?{�R=~:Y=@M$G��LI`AE=~?$MÜüýû<:<JL?�����
�ü�������JL:ýû6ûY�$ùË=@:����{IÆù÷?�ûDûY�$=~û_�{:<J��R=)��=~ûYGþJL?.J@ú
û��{:<ÿ����þù>?$;÷ù6ù÷?$ù>:��	
�G�ü�=�;>:��$;>G�=	�mAoú��$?$MR=~IÆù÷?�ûY=	���$:ýJLÿ���ù÷IëG�?,�$?{M$ù>:ýüýû�=~?$M$G�?��Æ;÷JL? 
 ?$ù÷IÆù÷?�û�üý;d=	�þG�?��Lü
úÍJL:�ú��$üýG�JL?�M$ù'��Gþ;>ù÷üËG�?n0��$Gþ;��y�L:ýJ<0�ûY�¢=~?$MäM$=@IB�{G�?���:Y=eûYù,�$:<J 
 ��ù÷üR�~=@:Q
�:Y=	�{G�M��G
ÜG�?�ü��R=@;>ù~4y�lù
=	�þü<J�M$ù>IKJL?$ü�ûY:<=~ûYù�ûY�R=eûKû<�$ù�;>JLIvÿ$G�?$ù÷Mäù'��ù÷;÷û<üÆJ@úT��Jo;d=	�%�L:<J<0�ûY�æ=@?$M�?$JL?��þG�?$ù>=@:�M$GG�c�$üýG�JL?g�þùd=@M$ü
ûYJh="�$:<J��$=	��=~û<G�?��,`a�$;Wû��R=~û<G�JL?ÜúÍ:ýJL?�ûd4��t�$;���=åü<J����{ûYGþJL?âù���G�üýû<ü�úÍJL: 
 ?$Gþû<ù@A �þJ�;>=	��?$JL?��þG�?$ù>=@:vü<=~û����
:Y=eûYG�J@?BA·=~?$M{0�G�����=	����ùd=@:6=@üv=tÿR=	����GþüýûYGþ;d=	����
`ù'���R=~?$M$G�?��åúÍ:<JL?�û>Ap0�Gþû<�âü��jù÷ù>M

v ∼ (γD)1/2
AE0��$ù>:ýù

D = D0γ/γNL

4
C�?{J@ûY�$ù÷:�=@ü���ù>;Wû�J@ú`ûY�$ù�M�
o?R=~IÆGþ;>ü{0��$Gþ;�� úg=)����ülJ��{û<ü<G�M{ùæûY�$ù¢û<:Y=@M{GþûYGþJL?R=	�*���þJ�;>=	�KÿR=	�H=~?$;>ù��

�R=@:<=@M$G��LI)J@ú�ûY�{ù��@:<J��$?{M���ÿ$:ýùd=	I�Gþ?���IÆJL?{J��L:Y=)�$�2ÿ&
1�Î=@M$JLIvû<ü<ù'�2G�üÎG������$ü�ûY:<=~ûYù÷Mhÿ&
2ûY�$ù�ù�>(�R=eûYG�J@?
úÍJL:

ε(x)
4��·G�:ýüýû>ABû��$:ýÿ�����ù÷?$;>ù�ù÷?$ù>:��	
1�$:<J	�R=	��=~û<G�JL?2Gþü8G�?�ûY:ýG�?$üýG�;>=	���G
t?{JL?���M{G����$ü<GG�Lù@APüýG�?$;÷ù

D(ε)
G�?t�

;>:ýùd=@üýù>üN0�Gþû<�
ε
4 � �$G�ü�G�ü�ù>=@ü<G���
`ü<ù÷ù>?�ÿ&
hJLÿ$üýù>:Q��Gþ?��ØûY�$=~û�úÍJL:

D(ε) = D0ε
Ajû<�$ù�?R=~û��$:Y=	�ÈM$GG�c�$üýG��@ù

ü<;>=	��Gþ?��LüÙúÍJL:Ùû<�$ù|0�G�M{û<�ÆJ~úB=8û��$:ýÿ����þù>?�û[�R=~ûY;��Æ=@:ýù
`2 ∼ D0εt

=@?$M
ε` ∼ E0 = ε0`0

4L�Ôû�û<�(�$ü�úÍJ	����J<0�ü

;



ûY�$=~û6û<�$ùËüýù��uú���ü<GþIÆG��H=@:ýGþû�
m�~=@:ýGH=@ÿ��þù�G�ü
x/`(t) = x/(D0E0t)

1/3
AEü<Jh=�û��$:ýÿ����þù>?�û*�R=eûY;��Üü��$:<ù>=@M$ü�=~ü

4x ∼ (D0E0t)
1/3

G�?`ûY�$ù�=~ÿ$ü<ù÷?$;>ù�J@ú^�@:<J<0�ûY�2JL:�M$G�üýü<G��R=~ûYGþJL?B4/Z#JL?�ûY:Y=~:�
`ûYJØ?R=~G��Lùvù'���jù÷;÷ûY=~ûYGþJL?$ü>A
ûY�{G�üÞ=@;Wû��R=)����
6;>J@:<:<ù÷ü���JL?$M$üÞû<J X'�$�>}Qi@Q �o��XWQTS@U �$:ýJ��R=	�L=~ûYGþJL?BA)0��{G�;����R=@üÙû<�$ù|�$:<J	�jù÷:ýû�
�J@új=@;÷;>ù���ù>:<=~ûYù÷M
�$:ýJ��L:<ù÷ü<üýG�JL?t=~û�ü<IÆ=	���

t
ARúÍJ�����J<0�ù>M�ÿ&
tü���J<0�ù>:D�$:<J��@:<ù>üýü<GþJL?å=eûT��=~ûYù�û<G�IKù>ü>4K��?tû<�$G�üo�R=	��ù>:÷Aa0#ùDü<�$J<0

ûY�$=~û�=H�þJ�;>=	��G�->ù÷Mr������üýù�G�?K=8?$JL?��þG�?$ù>=@:��G
vü<=~û��$:<=~ûYù÷MB�þG�?$ù>=@:��G
_�{?$üýûY=@ÿ���ù�:ýù��LGþJL?�ü��$:ýùd=@M$ü�ÿR=	����GþüýûYGþ;d=	����

0�Gþû<�b�@ù���Jo;>Guû�
z�LG��@ù>?åÿ&


v2 = γ2D0/2γNL

4 � �$ù÷ü<ù�=@?R=)��
oü<ù÷ü�=	�þü<J��$?$M$ù÷:<ü<;÷JL:<ù�û<�$ùvGþIB��JL:�û�=@?$;÷ùÎJ@ú
ÿ�J��$?$MR=~:�
h;÷JL?$M$GuûYGþJL?$ü>AjüýûY=@ÿ$G��þGþû�
z�$:ýJ 
 ��ù÷üÎ=@?$MA�L:<=@M$Gþù>?�û8;>J@?�û<:<J��·G�?2M$ùWûYù>:ýIÆGþ?$G�?��ËûY�$ù�J	�{ûY;÷JLIÆùvJ@ú
?(�$IKù>:<Gþ;d=	�·ü<G�I_���H=~û<G�JL?{ü>4 � �(�$ü÷AEû<�$ù�:Y=	�$GþM�:<ù'��=@M8s��$ü�ûYIKù>?�ûD=@?$M.ü��$=~ûYG�=	�Ùü��{:<ùd=~M$G�?��`J@ú�û��$:ýÿ����þù>?$;÷ù
G�?�û<ù>?$üýGþû�
��{:<J 
 �þù>üÝJ@ÿ$ü<ù÷:��Lù÷MåGþ?Øü<ù'�Lù>:<=	���	
o:<J)�@I�G�?$ùWûYG�;3�R=@:�ûYG�;���ù�ü<G�I_���H=~û<G�JL?{ü#=@:ýùN>(�$Gþû<ù/��G�I@ù��G
ËüQ
oIB���
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d(∆x)T (x, ∆x, ∆t) = 1,
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γNL(x) = γNLεα,
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1/2 < α < 1
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ε(x, t + ∆t) = ε(x, t) +
[
γ(x)ε(x) − γNLεα+1(x)

]
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∫
d(∆x)T (x, ∆x, ∆t)ε(x − ∆x, t).
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ε(x, t) + ∆t
∂ε

∂t
= [γ(x) − γNLεα] ε∆t

+

∫
d(∆x)T (x, ∆x, ∆t)ε(x, t) − ∂

∂x

[∫
d(∆x)T (x, ∆x, ∆t)∆xε(x, t)

] wj;(x

+
1

2

∂2

∂x2

[
(

∫
d(∆x)T (x, ∆x, ∆t)∆x∆x)ε(x, t)

]
.
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∫
d(∆x)T = 1

w = =&x
∫

d(∆x)T∆x = 〈∆x〉
w = ÿ6x

∫
d(∆x)T (∆x)2 = 〈∆x∆x〉.
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[Dε(ε)ε(x, t)]
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∂t
+ (vgr + v) · ∇N − ∂
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(ω + k · v) · ∂N

∂k
= γNCN
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∣∣∣∣
x+

x−

G�ü�ü����K;>G�ù÷?�û�úÍJL:|�þJ�;>=	�c�@:<J<0�ûY�B4^�Ôû�Gþü�=	��üýJKGþ?�ûYù>:ýù>ü�ûYG�?���û<J�JLÿ$ü<ù÷:��@ùDû<�R=~û

Γε

∣∣∣∣
x+

x−

= vgrε

∣∣∣∣
x+

x−

+ ∆′
εε

w í ;�=&x

0��$ù÷:<ù

∆′
εε =

∂

∂x

Do,αε1+α

1 + α

∣∣∣∣
x+

x−

.
w í ;Lÿ6x

��?tû<�$ù6=@ÿ$ü<ù÷?$;>ùvJ@ú �þJ�;>=	�Bü<J	�$:<;÷ù>ü�JL:�:<=@M$GH=)�P0Ý=+�Lù2�$:<J	�R=	��=~û<G�JL?�A�0#ùDü<ù÷ù6ûY�$=~û
∂E/∂t > 0

:ýù�>(�$G�:ýù>ü

∆′
εε > 0

AK0��$Gþ;��¢M$ù 
 ?$ù>üË=l;>J@?$M$Gþû<G�JL?�JL?�ûY�$ùz`a�$;Wû��R=~û<G�JL?�G�?�û<ù>?$üýGþû�
¯�$:<J 
 ��ù�úÍJL:R�þJ�;>=	�|�L:<J<0�û<�B4
ø ÿ&��GþJ��$ü���


∆′
εε > 0

G�I�����Gþù>ü�=K?$ù÷û QTO+´%�)µ J@úÙû��$:<ÿ�����ù>?{;>ùÎûYJÆû<�$ùD:<ù��@G�JL?
[x−, x+]

A60��$G��þù
∆′

εε < 0
G�I����þG�ù>ü�=@?�J	�{û�`RJ<0Î4dC�üÝG�üÝJ@ÿ(�oGþJ��$ü>A�ü<�$J	����M

∆′
εε
ÿ�ù�ü����K;>G�ù÷?�û���
B�H=~:��Lù~A��L:ýJ<0�ûY��G�?ÆûY�$ù�:ýù��LGþJL?Ø;>=@?

Jo;>;��{:0ù'�Lù÷?åGþú
γ < 0

4
�ÔûÎG�ü�=	��üýJ�G������$IKG�?R=~û<G�?���û<J�=@IB����Gþúk
t=@?{M.ù��oûYù>?{M.û<�$ù�M$G�üý;��$üýü<G�J@?.J~ú�û<�$ù�:<ù��H=~û<G�JL?{ü<�$G��hÿjùWû�0#ù÷ù>?

û��{:<ÿ����þù>?$;÷ù�ü��$:ýùd=@M$Gþ?��Î=@?$M�IKGG��G�?��/��ù÷?��@ûY��û<�$ù>J@:�
L4 ��J@:Ùü<GþIB���þG�;÷Gþû�
LAe;>J@?$ü<GþM$ù>:ÞüýG�I�����ùÝüý�$ùd=~:Q��M{:<G��@ù>?BA
G�?{;>JLI��$:<ù÷ü<üýG�ÿ��þù O =+�oG�ù>:����oû<J�I@ù÷üKû��$:<ÿ�����ù÷?$;>ù~4?��?�ûY�R=~û�;>=@ü<ù{wÍúÍJ@:

V = V (x)ẑ + Ṽ
xfA�û<�$ùtIKùd=~?

G�?�û<ù>?$üýGþû�
�`a�t�
V (x)

ù��LJ	���Lù÷ü�=@;÷;>JL:ýM$G�?���ûYJ�ûY�$ù�­�ù�
o?$J��þM$ü�=+�Lù>:<=	�Lù÷Måù�>(�R=eûYG�J@?BA
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∂

∂t
〈V (x)〉 = − ∂

∂x
〈ṼxṼz〉 + ν

∂2〈V 〉
∂x2

w í = =&x

0��$G���ù�ûY�{ù6=+�@ù>:Y=)�Lù8û��$:ýÿ�����ù÷?$;>ùHI�G�?{ù÷ûYGþ;8ù>?$ù÷:��	
�ù'�LJ����{ûYGþJL?�G�ü|�@JM�@ù>:ý?$ù>Mhÿ&
YV

∂

∂t
〈ε(x, t)〉 +

∂

∂x
〈Ṽxε〉

= −〈ṼxṼz〉
∂

∂x
〈Vz〉 −

∂

∂x
〈ṼxP̃ 〉 − ν〈|∇V |2〉.

w í = ÿ6x

F�ù÷:<ù~A
ε = |Ṽ |2/2

A
ρ = 1

úÍJL:�;>JL?&�Lù÷?$G�ù÷?$;>ù~A�=@?$Måü�
oIÆIKù÷û<:�
�Gþ?
y, z

Gþü�=~ü<ü��{IÆù÷MB4DJ^>(�R=eûYG�J@?nw í = ÿ6x
üýûY=~ûYù÷üÆû<�R=~û�ûY�$ù`IKùd=@?g`RJ<0 ù��@J����@ù>üB�oG�=f­�ù�
o?$J��þM$üKüýûY:ýù>üýüQ��Gþ?$M��$;÷ù>M¢IKJLIKù>?�û��{I ûY:<=@?$ü���JL:�ûË=~?$M
�oG�üý;>J��$üÆM$G�üýü<G��R=~ûYGþJL?BA^0��$G��þùFJd>(�R=~û<G�JL?±w í = ÿ6x�ÿR=	�H=~?$;>ù÷ü�`a�{;÷û��$=~ûYGþJL?æù÷?$ù>:��	
�G�?�����ûËÿ&
?­0ù'
o?$J���M{ü
0�JL:�I�=@?{Mz�{:<ù>üýü��$:ýù20�JL:�I�Aa0�Gþû<��ù>?$ù÷:��	
�û<:Y=@?$ü��jJ@:ýû0=@?$M,�oG�üý;>J��$ü0M$Gþü<ü<G��R=~û<G�JL?B4 ��J@:�G�?$;÷JLIB�{:<ù>üýü<Gþÿ���ù
û��{:<ÿ����þù>?$;÷ù@A�û<�$ù*�$:ýù>üýü��$:ýù*0#JL:�ItGþü�?$ù�����G��LG�ÿ���ùD=@?$Måû<�$ù

〈Ṽxp̃〉
ûYù÷:<I G�ü��{ù>:<ù>=~úTûYù÷:�?$ù�����ù÷;÷ûYù÷MB4 � �$Gþü

ü�
oü�ûYù>I J@ú{ü<G�I����þù�=<�@ù>:<=	�Lù>Mvù�>(�R=~û<G�JL?$üÈIÆ=<
�ÿjù�;��þJLü<ù÷Mvÿ&
DG�?&�LJ�I�Gþ?��0û<�$ù�IÆG��{Gþ?��o��ù÷?��@ûY�D�&
t�jJ@û<�$ù>üýG�ü÷A
0��$Gþ;��Ë:<ù��H=~û<ù>ü^`a�$;Wû��R=~û<G�JL?{ü�û<JB! IÆG���G�?���#~J@úP=+�Lù÷:Y=	�@ù>M�>(�R=~?�û<Gþû<G�ù>ü�J<�Lù÷:#=Dü<;d=)��ù

`
A�;>=	���þù>M�ûY�$ù�IÆG���G�?��

��ù÷?��@û<� 4 5 W 7\4[��?�ûY�{ù8IÆG��{Gþ?��r��ù÷?��@û<�t=~?$üY=~û�-@A$û<�$ùN`a�$;÷û��R=~û<G�JL?`=8��GH=)�c`RJ<0
Ṽz

Gþü|�LG��@ù>?`ÿ&


Ṽz=̃ − `
∂〈V 〉
∂x

,
w í W =&x

=@?$M�ûY�{ùDù÷?$ù>:��	
�M$ù÷?$ü<Guû�
m`a�$;Wû��R=~û<G�JL?�ÿ&


ε̃=̃ − `
∂〈ε〉
∂x

.
w í W ÿ6x

O J~ûYù ûY�R=eû±Jd>(�R=~û<G�JL?¶w í W =&x¢IË=+
 ÿ�ù :<ù��@0�:<Guû<û<ù>?-=@ü
| Ṽz/〈V 〉 |∼ `/Lv

A�0��$ù>:ýù
L−1

v =

|(1/〈V )〉∂〈V 〉/∂x|
A�0��$Gþ;��æ�R=~üÆûY�{ù`û<:Y=@M$GuûYGþJL?R=	�#úTJL:<I J~úÎ=¯! IÆG���G�?��1��ù÷?��@û<�ä:�����ù)#þ4S�RJL:R`RJ<0 Gþ?

�$G��jù÷ü#JL:�sýù÷ûYü÷A�û<�$ù�IKGG��G�?�����ù÷?��@û<�
`
G�üK�$ü��R=)����
K=~ü<ü<Jo;>G�=~ûYù÷M�0�Gþû<�Øü<J@IÆù�IË=@;÷:<JLüý;>J��{G�;0ü<;d=)��ù@A�ü��$;���=~ü

ûY�{ùDM{G�üýûY=@?$;÷ùÎúÍ:ýJLI û<�$ùN0Ý=)���mA{ù÷ûY;~4^��?b����=@ü<IÆ=�;>J@? 
 ?$ù÷IÆù÷?�û3���$ù÷ü<ü�ûYG�IÆ=~û<ù>ü>A
`
G�üo�$ü��R=	���G
Ø:ýù��H=eûYù>M�û<J

=r��Gþ?$ùd=@:#IÆJoM$ù/0�G�M�ûY��JL:�wj�{:<ù÷úÍù÷:Y=@ÿ���
�x�=�:<=@M$G�=	��;÷JL:<:ýù��H=eûYG�J@?m��ù>?��@ûY�B4
Jd>(�R=~ûYGþJL?$ü�w í = ={A í = ÿ6x�ûY�{ù>?`;d=@?`ÿjùÎ:ýù'��ù����$:<ù÷ü<ü<ù÷M2=@ü

∂

∂t
〈V 〉 =

∂

∂x
νT

∂〈V 〉
∂x

+ ν
∂2

∂x2
〈V 〉

w í X@=�x

=@?$M

í 9



∂

∂t
〈ε〉 − ∂

∂x
νT

∂〈ε〉
∂x

= νT

(
∂〈V 〉
∂x

)2

− ν〈
(
∇Ṽ

)2

〉.
w í X~ÿ6x

F�ù÷:<ù~A$ûY�$ù8û��{:<ÿ����þù>?�ûo�oG�ü<;÷JLü<Guû�

νT

w\=	�þü<J�;>=	���þù>M�ûY�$ùr! ù>M$M�
��oG�ü<;÷JLü<Guû�
Y#²xÝG�ü|�@G��Lù÷?tÿ&
YV

νT = 〈ε〉1/2`.
w í X~;<x

Jd>(�R=~ûYGþJL?{w í X~ÿax#üýû�=eûYù>ü�ûY�$=~û|`a�$;Wû��R=~û<G�JL?`ù>?{ù>:��)
�ü��$:ýùd=@M$ü0M$GG�c�$üýG��@ù���
Ø=~û�ûY�$ùÎü<=@IÆùÎ:<=~ûYùÎ=~ûo0��$Gþ;��
ûY�{ùDIKùd=~?,`$JM0Û:<ù��H=8��ù>ü÷4 � �$G�ü�üýG�I�����ù�ù���ù>:<;÷G�üýùDü������Lù÷üýû<ü0û<�R=~ûLs��$ü�û�=~üÝû��$:ýÿ�����ù÷?�û0û<:Y=@?{ü���JL:ýû�IKGG��ù>ü
IKùd=@?�>(�R=@?�ûYGuûYG�ù÷üÎM��$:<Gþ?��`:<ù���=8�{=~ûYGþJL?BAPGþûD=)��ü<J`IKGG��ù>üD=@?$M.ûY:<=@?$ü���JL:�ûYü ´%�R�WZ$�{a@ZgQm]eO�UWO�UWV\n@[ 4 � �(�$ü÷A
û��{:<ÿ����þù>?�û0ü��$:ýùd=@M{G�?����LJoù>ü��R=@?$Mt��G�?t�����þJM�@ùT0�Gþû<�tIKGG��Gþ?���M�
o?R=@IKG�;÷ü0=@?$M`IÆG��{Gþ?��r��ù÷?��@û<�`IKJoM$ù��þü�J@ú
û��{:<ÿ����þù>?$;÷ù@4 �D]eZ�U�a@b Xq]KZT�{a@ZÝZT�oQ�Xva@O�a@bc[�XWQ�X|.�QTO	.R]eQTORZTXDZT�RU�^��oOYi�a@�ËUWORZma@bTbc[ÆO�]eORbcQTO�U<a@V�i@[eO�a@��Qm��X�]�^
X�.�VYU<a&i@QTOonepjXWQTO���U�ZT�oQ�XE.R�RUWO�]e�ËUWO�]eOÆUW�ËUWV\noU�X|i@QTVYU��WZgbc[E^fVY]e� a6��]eO{XWQjioUWV<a@ZgQm]eOË]�^�ZÍ�RU�ZgVWQ�.�b�U��Ë]e�ËUWORZ©·
�â=<�@ù2I�Gþ?$ù÷û<G�;>ü|
oG�ù���M$ü|
@ù÷û�=@?$J@û<�$ù>:0=	�uûYù>:ý?R=~û<G��LùÎ=~?$Mb�{ü<ù÷ú����E��ù>:ýü���ù>;WûYG��@ùvJL?�û��{:<ÿ����þù>?�û0ü��$:ýùd=@Mt�

G�?��$4_­�ù>;>=	���ÈûY�R=eû�ûY�$ù*0#=+�Lù�I�G�?$ùWûYG�;vù�>(�R=~û<G�JL?2M$ù÷ü<;÷:<G�ÿ�ù>ü8û<�$ù�=@M$G�=@ÿR=~û<G�;vù'�LJ����{ûYGþJL?2J@ú^`a�$;Wû��R=eûYG�J@?
! ?t�{I�ÿjù÷:�#^wÍGm4 ù@42>t�$=@?�û�=�M$ù>?{ü<Gþû�


N(k, x, t)
AP0��$G�;���Gþü/�$ü��$=	���G
LABÿ���ûÎ?$J@ûÎ=	�G0Ý=+
oü>A�û<�$ù*0Ý=+�@ùÆ=~;÷ûYGþJL?

M$ù÷?$ü<Guû�
�xÝÿ&
�=�! ü���J<0H#$ü�ûY:<=@G�?$Gþ?��*`RJ<0Î4 � �(�$ü>ARûY�{ù/0Ý=+�Lù�I�G�?$ùWûYGþ;8ù�>(�R=~û<G�JL?�Gþü�=�?$=~û��$:<=	�BM$ù÷ü<;÷:<G���ûYG�J@?
úÍJL:�û<�$ùtù'�LJ����{ûYGþJL?ãJ@ú�ü<IÆ=	���þù>:�üý;d=	�þù�0Ý=+�Lù÷ü�=@?$M�û��{:<ÿ����þù>?$;÷ù�G�?ãûY�$ù,�$:ýù>üýù>?$;÷ùåJ@ú�;>JLI��R=@:<=~ûYGG�Lù��G

�H=~:��Lù÷:>A{ü���J<0�ù>:_wgGm4 ù@4·G�?�ûYù��L:Y=	��ü<;d=)��ù<x%`RJ<0�ü÷4 � �{ù�0#=+�Lù�IoGþ?$ù÷û<G�;8ù�>t�$=~ûYGþJL?,�LG��@ù>ü

∂

∂t
N + vg · ∇N + V · ∇N − ∂

∂x
(k · V ) · dN

dk
= C(N)

w í \ =&x

0��$ù÷:<ù
dk

dt
= −∇ (k · V + ṽxx) .

w í \ ÿ6x

�lùT0�G����R�$ù>:ýùd=~úTû<ù>:Ý?$ù�����ù÷;÷û#IÆù>=@?�`RJ<0�üHw
〈V 〉 ≡ 0

x�=@?$MËúÍJo;��{üÝJL?Ëû<�$ù�ù'��ù÷;÷ûYü�J~ú�`a�$;÷û��R=~û<G�?���`RJ<0�ü>4
C��Lù>:<=	�LGþ?���ûY�$ù÷?b
oG�ù���M$ü�V

∂

∂t
〈N〉 + vgx

∂

∂x
〈N〉 + ∂xΓx + ∂kΓkθ = 〈C(N)〉.

w í \ ;<x

F�ù÷:<ù

Γx ≡ 〈ṽxÑ〉,
w í e =�x

=@?$M

Γk = 〈− ∂

∂x
(krṽx)Ñ〉,

w í e ÿax

í ;



M$ù 
 ?$ù�û<�$ù�üýûY:<=@G�?t��G�?{M��$;>ù÷M�`�����ù>ü·Gþ?Îü��R=@;÷ùÝ=@?{M20#=<�@ù'�Ô?t�{I�ÿjù÷:·ü��R=@;>ù~4LC3������Gþ;d=~û<G�JL?ÎJ@ú{ù>GuûY�$ù÷:E>(�R=~ü<GG�
��Gþ?$ùd=~:�û<�$ù>JL:Q
ËJ@:#üýûY=@?$MR=~:<M,�RJ�I(I@ù÷:Q��Cd��=@?$;UIKIÆùWûY�$JoM$ü�û<�$ù>?�
oGþù���M{üÝ=vÿ$G��@�~=@:ýGH=~û<ù0M{G����$ü<GþJL?Øù�>(�R=eûYG�J@?
úÍJL:Ýû<�$ùÎIÆù>=@?

〈N〉
AR?R=@IKù���


∂〈N〉
∂t

+ vgx
∂

∂x
〈N〉 − ∂

∂kθ
Dk

∂〈N〉
∂kθ

− ∂

∂x
Dx

∂〈N〉
∂x

= 〈C(N)〉,
w©5 u =&x

0��$ù÷:<ù

Dk =
∑

q

q2
θk

2
x|ṽq|2<

ù [
R

(
k, q

)]
,

w$5 u ÿ6x

Dx =
∑

q

|ṽq|2<
ù [

R
(
k, q

)]
,

w$5 u ;<x

R(k, q) = i/[(Ωq − qvg(k)) + i∆Ωq]
w$5 u M6x

=@:ýùDû<�$ù
kθ

=@?$Mtü��R=~û<GH=	��M{G����$ü<GþJL?t;÷J�ù'�K;>G�ù÷?�ûYü>A�:<ù÷ü���ù>;WûYG��@ù��G
LA�G�?$M��{;>ù>Mtÿ&
`û<�$ùDü���ù>;÷û<:��$I J@úÙ:Y=@M$G�=	�
`RJ<0³`a�$;Wû��R=~û<G�JL?{ü

〈ṽ2〉q
4

Dk

=@;>;÷J��$?�ûYü6úÍJL:�:<ùWúÍ:Y=@;WûYGþJL?lû<J2�$G��L�{ù>:
kθ

ÿ&
f`RJ<0 ü�ûY:<=@G�?$Gþ?��h=~?$M
Dx=@;÷;>J��$?�û<ü6úÍJL:Îü��$=~ûYG�=	��ü<;d=eû<ûYù÷:<Gþ?��$A �<a	��XqU�i2�>[tZÍ�RU�X>a@�ËUo´�] h X�.RU��WZ\V��o� 4

R(k, q)
GþüDû<�$ùK:<ù>ü��jJ@?$ü<ù

ú��$?$;WûYGþJL?*0��$G�;��Kü<ùWûYüÞûY�{ù�ù��jù>;÷û<G��@ù0;÷JL:<:ýù���=~ûYGþJL?vûYGþIÆù�úÍJL:ÙGþ?�û<ù>:<=@;÷û<G�JL?�J@ú60#=+�Lù'�@�R=@;UI~ù÷ûYü
(k)

0�GuûY��û<�$ù
üýû<:Y=@Gþ?�� 
 ù���M

ṽq

4H�RJL:�üQ
�IKIKù÷ûY:ýG�;6ü���ù>;÷û<:Y={A�;>:<J@ü<üQ�ÔM$G����$üýG�JL?åû<ù>:ýIÆü8=~:<ùv?{ù����þG��LGþÿ���ù~4TJd>(�R=~û<G�JL?gw$5 u =&x
�$?R=~I�ÿ$G��	�$J��$ü���
lü<�$J<0�ü�ûY�R=~û�ü��R=~û<GH=	��ü<;d=eû<ûYù÷:<Gþ?���J@ú3`��$;÷û��R=~ûYGþJL?ãù>?{ù>:��)
LAK0��{G�;��¯��ùd=~M$ü�ûYJ2û��{:<ÿ����
��ù÷?$;>ù8ü��$:<ù>=@M$Gþ?��$ARG�ü#M$G�:ýù>;÷û���
���G�?�I@ù>MØû<JR�H=@:��Lù�ü<;>=	��ù8ü�ûY:<=@G�?$Gþ?��$At0��$G�;��t=	��üýJ�G�?$GuûYG�=~ûYù÷ü�ûY�{ù�û��$:ýÿ�����ù÷?�û
;d=~ü<;d=~M$ù@4 � �$Gþü�G�ü�=hú��$:�ûY�$ù÷:KGþ?$M$Gþ;d=~û<G�JL?.ûY�R=~û�û��$:<ÿ�����ù÷?�û�ü��$:<ù>=@M$Gþ?���G�ü�=2M$G�:ýù>;Wû�;>JL?$üýù�>(�$ù÷?$;>ùtJ@ú
?$JL?���G�?{ùd=@:�G�?�ûYù÷:Y=@;WûYG�J@?ØG�?�=~?�G�?$�$J@IÆJ��@ù>?$ù÷J��$üÝIKù>M$G��$I`4 �·Gþ?R=	���G
LAo=@ü���=@:��@ù�ü<;>=	��ù3`RJ<0�ü�=~:<ù�Gþ?Ëû��$:ý?
M$:ýG��Lù÷?åÿ&
`ü<IÆ=	���þù>:�üý;d=	�þù6ü�ûY:<ù÷ü<üýù>ü>A

|ṽq|2
IË=+
�ÿ�ù6:ýù���=~:<M$ù÷Mh=@ü�=Kú��$?{;÷ûYGþJL?R=	��J~ú

N
A6�oGH=K=KúÍù÷ù>M$ÿR=~;UI

:<ù��H=~û<G�JL?�J~úEû<�$ù8úÍJL:<I

(
∂

∂t
+ µ)Ṽq = f(q)

∑

k

g(k)Ñq(k)
w©5 í x

� �(�$ü>ARû<�$ù 〈N〉
ù�>(�R=~ûYGþJL?�G�ü�üýù>ù>?�ûYJ�ÿ�ù8?$JL?��þG�?$ù>=@:ÝGþ?

N
A�=@ü�üý�$J<0�?tGþ?�ûY�$ù8ù>=@:��þG�ù>:���J	ItI~ù>:���Cd�H=@?{;UI

M$ù÷:<G��~=~û<G�JL?�4b�EG�?R=	����
b0#ùØ:ýù>IÆ=@:�Ihû<�R=~ûosýJLG�?�û6:<ù�`$ù>;÷û<G�JL?lü�
oIKIÆùWûY:�
.;÷JL?$ü<GþM$ù>:<=~ûYGþJL?$ü6IË=+
�ÿ�ù��$üýù>M
ûYJÆM$ù>:ýG��@ù�=Æÿ{G��~=@:<G�=~ûYù } �$:��Lù÷:<ü�#jù�>t�$=~ûYGþJL?túÍJL:D�����þü<ù÷ü�J@úp0Ý=+�Lù_�jJ������H=~û<G�JL?�M$ù÷?$ü<Guû�
L4 � �$ù>üýù*�����þü<ù÷ü
IÆ=<
Ëÿjù8û<�$J����L��û0J@ú·=@ü0=+�@=)�H=@?$;��{ù>ü�G�?

(x, kθ)
ü��R=@;÷ù@4 � �$Gþü�û<�$ù>J@:�
�Gþü�ù��H=~ÿjJL:<=~ûYù÷M�G�?�:<ùWúÍü>4 4 í e AY5�5<7

í =



îWî÷î>ï ôH£�ðR¡2¸äî÷öN¥âóN��ñ0õ�ò2¤�õR E�#ðËöD�¹¥a��ò2��¡6ô�îYð�¦

¡Kï îUº�»�¼)º�½'¾�»Q¿1À$Á�Â�º�»NÃY¿Yº�Ä(Åz¾�ÆM½/Ä(º�ÃfÇcÁ�Â�Ç�Ä&È�Ä�»'¾�Â�º

��?âû<�$G�üDü<ù÷;÷ûYGþJL?BAL0�ùØù��$=~IÆGþ?$ùÆû<�$ùËM�
o?R=~IÆGþ;>üvJ~úÝû��$:ýÿ����þù>?$;÷ùØü��$:ýùd=@M{G�?��2=~?$M¬�$:ýJ��R=	��=eûYG�J@?BA·=~ü
M$ù÷ü<;>:ýG�ÿ�ù>M`ÿ&
�ûY�$ùÎù>?{ù>:��)
�M$ù>?{ü<Gþû�
�ù'�LJ����{ûYGþJL?�ù�>(�R=eûYG�J@?

∂ε

∂t
+ vg

∂ε

∂x
− ∂

∂x
(D0ε

α(x, t)
∂ε

∂x
) = γ(x)ε − γNL(x)εα+1,

w©5�5�x

M$ù÷:<G��@ù>M�ÿ&
,�RJ�I(I@ù÷:Q��Cd��=@?$;UIËIKù÷û<�$JoM$üÝG�?Øû<�$ùN�$:ýù��oG�J��{ü�ü<ù>;WûYGþJL?B4^�RJL:#û<�$ù8;d=@üýù/0��$ù>:ýù
α = 1

w�0�ùd=)I
û��{:<ÿ����þù>?$;÷ù<xfA

γ = 0
A

γNL = 0
A
vg = 0

=@?$M
D0 =

;÷JL?$üýûY=@?�ûdAoJd>�?B4¹w©5	5�x��$=@üË=A0�ù�������I�?$J<0�?
ü<ù��þú��Ôü<G�IKG���=@:�ü<J����{ûYGþJL? 4 5�XM7

ε(x, t) =
A

t1/3
(1 − x2/d(t)2)Θ(|d(t) − x|)

w©5 9 =&x

0��$ù÷:<ù

d(t) = (6AD0)
1/2t1/3.

w$5 9 ÿ6x

� �$Gþü�ü<J����{ûYGþJL?Üù'���$:ýù>üýü<ù>MäG�?Üû<ù>:<IKü�J@ú�ûY�{ù�ü<G�IKG���=@:<Guû�
"�~=@:<G�=@ÿ��þù
x/d(t) ∼ x/t1/3

A�M$ù÷ü<;>:ýG�ÿ�ù>ü�ûY�{ù
ü<ù��þú��Ôü<G�IKG���=@:�ü��$ÿt��M$GG�c�$üýG��@ùKù����R=@?$üýG�JL?.J@ú#=@?�G�?$GuûYGH=)����
,�þJ�;>=	��G�->ù÷M{! ü�������#BJ@ú�û��$:ýÿ�����ù÷?$;>ùr0�GuûY��G�?$GuûYG�=	�
G�I������þü<ù

A =
∫

dxε(x, 0)
Ac0��$ù÷:<ù

ε(x, 0)
�R=~ü8;>JLI��R=@;Wû�ü������jJ@:ýûd46F�=~�$I)ùWûÎ=	�m4uA 4 í \ 7Ù;>JL?$üýG�M$ù÷:<ù÷M

ûY�{ùDù'��ù÷;÷û<ü�J@ú
γ
=@?$M

γNL

JL?�ûY�$Gþü�;d=@üýù���ù>:�û��$:ýÿR=~û<G��Lù���
@A�0�GþûY��ù÷?$;>J��{:Y=	�LGþ?���:<ù÷ü����uûYü>4
� �$ù�J@û<�$ù>:�;>=@ü<ù�Gþü

vgx = const., γ = const.
=@?{M

γNL = 0
AÞúÍJL:_0��{G�;���=@?$J@û<�$ù>:�üýG�IKG���=@:<Guû�


ü<J	���{û<G�JL?�;>=@?tÿ�ùÎJLÿ{ûY=@G�?$ù÷MBA�0��$Gþ;��tGþü

ε(x, t) = Aeγt

(
1 − (x − vgxt)

2 /d(t)2
)

([eγt − 1] /γ)1/2
Θ (|d(t) − (x − vgxt)|)

w©5);�=�x

0��$ù÷:<ùD?$J<0

d(t) = (6D0A)1/2[(eγt − 1)/γ]1/3.
w$5);Lÿ6x

O J~ûYG�;÷ù`û<�R=~ûÆûY�$ùtù��jù>;÷ûØJ@úH�L:<J	���?�@ù���Jo;>Guû�
�G�üËù>=@ü<G���
�;>=	�{û��{:<ù>Mæÿ(
æ=ã7Î=	��G���ù>=@?ãûY:Y=~?$üýúÍJL:ýIË=eûYG�J@?B4
Z#JL?&�Lù÷;÷û<G��LùA�{:<J��R=)��=~ûYGþJL?äû<J<0Ý=@:ýMæûY�{ù"��J<0�� 
 ù���MäM$G�:ýù>;WûYG�J@?æIÆ=<
�ÿ�ùb�oG�ù'0#ù÷M =@üØ=âü��$:<:ýJ���=~û<ùtúÍJL:
ü��{:<ùd=~M$G�?��1�oGH=hûYJ@:<JLGþM$G�;÷Gþû�
&��Gþ?$M��$;÷ù>MÜ;÷J������þG�?���J@ú3�jJ	��JLGþMR=	���R=@:<IKJL?$Gþ;>ü÷4 � �$G�ü�ü<J	���{û<G�JL?ãM$Joù>üK?$J@û
üY=eû��$:<=~ûYù~Aj=~?$MåGuû�ü��$:<ù>=@M$ü|��ù'����JL?$ù÷?�û<GH=	����
&��úg=~üýûdA�M��{ùDû<JKû<�$ùDúg=~;÷û0ûY�R=~û�û<�$ùv?$J@?���Gþ?$ùd=@:�M$=@IB�{G�?���G�ü

í W



ü<ùWû�ûYJF->ù>:ýJ$4"��?$M{ù>ù>M�AÞGþû�üýù>ù÷IÆü�;���ù>=@:6û<�R=~û�ù����jJL?{ù>?�ûYG�=	��ü��$:<ù>=@M$Gþ?��hG�ü6G�?$M{G�;d=eûYG��@ùÆJ~ú�ûY�$ùÆ?$ù����þù>;Wû
J@ú_�$:<J���ù>:�MR=~IB�$Gþ?��ãJL:�üY=eû��$:<=~ûYGþJL?¨�$:<Jo;>ù÷ü<ü<ù÷üåGþ? û<�$ù2ûY�$ù÷JL:�
@4É��? =@M$M$GuûYG�J@?¼û<JãûY�$ù÷G�:�G�?�ûY:ýG�?$üýG�;
�$�&
oü<Gþ;>üÝGþ?�û<ù>:ýù>üýû>A�û<�$ù>üýù�ü<J����{ûYGþJL?$ü�M$ù 
 ?$ù/�$:<=@;÷û<G�;>=	��ÿjù÷?$;��$IÆ=@:�I�;d=~ü<ù>ü�úÍJL:Ý=@?&
K?(�$IKù>:<Gþ;d=	��üýJ����{û<G�JL?
J@ú%Jd>o?�4"w$5�5�xW4��·G��$4,w í x�M$ù>IKJL?$ü�ûY:<=~ûYù÷üDû<�$ù�ù'��;>ù�����ù÷?�ûv=)�L:<ù÷ù>IKù>?�ûDÿjùWû�0#ù÷ù>?â?(�$IKù>:ýG�;>=	�Ùü<J	���{û<G�JL?$ü
=@?$MÜû<�$ù�=@?R=)��
�ûYGþ;d=	�\AEüýù��þú��Ôü<GþIÆG��H=@:8üýJ����{û<G�JL?{ü>4 � �$ù�?(�$IKù>:ýG�;d=)�#ü<J	���{û<G�JL?$ü6ù>ü�û�=@ÿ��þG�üý�ÜûY�$ùØ:ýù��þù��~=@?$;÷ù
J@úÙû<�$ù�üýG�IKG��H=~:<Gþû�
Æü<J	���{û<G�JL?$ü�V#ûY�{ù 
 ?R=	�E=@üQ
�I��{û<J@ûYGþ;DúÍJL:ýIÆü�=@:ýùv?$ù>=@:��G
�G�?$M$ù��jù÷?$M$ù÷?�û�J@úÞûY�$ù6G�?$GuûYG�=	�
;>J@?$M$Gþû<G�JL?{ü>4 O J@û<ù�û<�R=~ûÎûY�{ù>ü<ùÆ=@:ýùÆ?$J~ûN�ÔûY:<=@M$Gþû<G�JL?$=	�G�DüýJ����{û<G�JL?{ü8J@ú#û<�$ù�M$G����$ü<GþJL?.ù�>(�R=~û<G�JL?BAPüýG�?$;÷ù
ûY�{ùÆ?$J@?���Gþ?$ùd=@:�û<ù>:ýI����H=+
oüv=~?âG�I���JL:ýûY=@?�ûÎ:<J��þù�G�?.ü<ù÷ûýûYGþ?��tû<�$ùÆM{G����$ü<GþJL?�:Y=~û<ù@4�C�?$J@ûY�{ù>:D;��H=~ü<üDJ@ú
ü<J	���{û<G�JL?$ü�J@ú�G�?�ûYù÷:<ù÷üýû8Gþü�ûY�R=eû�úÍJL:�û<�$ù�;d=~ü<ù

γ =
;÷JL?$ü�ûd4�A

γNL =
;>JL?{üýûd4�=@?$M

D0 =
;÷JL?$ü�ûd4PC�ü�ûY�$Gþü

;d=~ü<ùØ;÷JL:<:ýù>ü���JL?$M{ü�ûYJh;÷JL?$üýûY=@?�û�JL:6ü���J<0o�G
��~=@:Q
oG�?��hÿ$=@;UI(�L:<J��{?$MBAÞGþû6G�ü6M$G�üý;��$üýü<ù÷M�Gþ?Üü<J@IÆùÆM$ù÷ûY=@G��
�$ù÷:<ù@43C�úTû<ù>:�û<�$ùv:ýù'�Ôü<;d=)��G�?��Lü

x → (γNL/2D0)
1/2x, t → γt, ε → (γNL/γ)ε(x, t),

J^>�?B4rw©5�5�x�IÆ=<

ÿ�ùD:ýù'�©0�:<GþûýûYù÷?t=~ü�V

∂ε

∂t
− 1

4

∂2

∂x2
ε2 − ε(1 − ε) = 0

w$5 = x

Ê�Ë��$a@ZgQm]eO¬ÌÔyq��aepÙyq���QÍ�Q�X�QT���ËU�i@Qga@Z�UWbc[�VYU���]<n@ORQGÎqa��>b�U8aeXDaKSea@VfQga@ORZ#]�^�ZÍ�RU h UWbTbc}©ÏeO�] h OmÐ�Q�X��RUWVf}©Ñ8���
U�Ë��{a@Z\Qm]eO�^d]eV�b�]<n@Q�XWZgQm�W}�bcQT��QTZ�U�i�U�.�QjioUW��Qm�p.�V�]U.{aqn�a@ZgQm]eO{p�ÒÔy���pÈyox�ÓÝO�] h¬h QTZÍ��O�]eORbcQTO�U<a@Voi@Q �o��XWQm]eOY··� �$ù
�·Gþü<�$ù÷:Q���ÎC�C ù�>(�R=~û<G�JL?âG�ü�=t:<ùd=~;÷ûYGþJL?��ÔM$G����$ü<GþJL?�û�
���ù�ù�>(�R=eûYG�J@?{0��$G�;��ãGþü20�ù����G��I�?$J<0�?âû<Jhù'���$Gþÿ$Gþû
ü��$=~ûYGþJ)�Ôû<ù>I��jJL:<=	���G
m�$:ýJ��R=	��=eûYG�?��ØúÍ:<JL?�ûÎü<J	���{û<G�JL?$ü 4:9 u 7\4rC'?(�$IÆù÷:<Gþ;d=	�ÙüýJ�����ûYG�J@?hJ@ú%J^>�?yw©5);L={AE5);Lÿ6x
wÍúÍJ@:T��Jo;d=)��G�-÷ù>M�G�?{GþûYG�=	��;>J@?$M$Gþû<G�JL?{üUx�G�ü0ü<�$J<0�?�G�?F�·G��$4_w©5	xW4 � �{G�ü�:<=~ûY�{ù>:�;���ù>=@:��G
tü������Lù÷üýû<ü�ûY�R=eû�ûY�{ù
�$:ýJ 
 ��ù�J@ú

ε(x, t)
ûYGþIÆù���=@üQ
�I��{û<J@ûYGþ;d=	����
6=	���$:ýJ�=@;��$ù÷üÝ=@?Æù'���R=@?{M$G�?��DúÍ:<JL?�û>A(0��{G�;��ØM$ù÷;d=+
oüÝù'����JL?$ù÷?��

ûYG�=	���G
ËGþ?tü��R=@;÷ù@4 � �$G�ü0üýû<:��$;Wû��$:ýùvGþü0üýG�IKG���=@:#ûYJKûY�R=eû�J~ú�=F�'��ùd=~M$G�?���ù÷M��Lù&�eAY0��$Gþ;��åGþü�=r0#ù�������I�?$J<0�?
ü<J	���{û<G�JL?hJ~úÞûY�$ùR�·Gþü<�$ù÷:�ù�>(�R=eûYG�J@?B42«tJ@ûYGG�~=~ûYù÷M2ÿ(
tûY�$ù÷ü<ù�JLÿ{ü<ù>:Q�~=~ûYGþJL?$ü>A�0#ùK=@?$ü<=~û�-6ûY�$ù�üýG�IKG��H=~:<Gþû�

ü<J	���{û<G�JL?

ε(x, t) = f(t)(1 − e−|x−d(t)| − e−|x+d(t)|)
w©5 W x

Jd>(�R=~ûYGþJL?yw©5 W x8M$ù÷ü<;>:ýG�ÿ�ù>ü6=tÿ�J��$?$M{ù>MBAp��Jo;d=	�þG�->ù÷M2ü<J����{ûYGþJL?10�GþûY�.ù'�oû<ù>?�û
2d(t)

=@?$M�0�GþûY�.û�0#Jtù'�(�
�R=@?{M$G�?��lúÍ:<JL?�ûYü÷A3�{:<J��R=)��=~ûYGþ?��âGþ?¢J�����JLüýGþûYùtM$G�:ýù>;WûYG�J@?$üØ=~ûØü���ù>ù>M

ḋ(t)
A|0��$ù>:ýùhûY�$ù2M{J@ûØM$ù÷?$J@û<ù>ü

M$GG��ù÷:<ù>?�û<GH=~û<G�JL?¯0�GþûY�æ:<ù>ü��jù÷;÷û�û<JÜûYG�IKù@4 ���$ÿ$ü�ûYGþû��{ûYGþ?��nJd>�?B4Ôw©5 W xÆG�?�ûYJ¬J^>�?B4Ôw$5 = x�
oG�ù���M$ü"wÍúÍJL:

t → ∞)
=�M$G��jù>:ýù>?�ûYG�=	��ù�>(�R=~ûYGþJL?�úÍJL:

d(t)
=~?$M`=@?tù����$:<ù÷ü<ü<GþJL?å:ýù���=~ûYGþ?��

d(t)
û<J

f(t)
4 � �$ù>üýùv=@:ýù	V

d′(t) − 1

2
+ 2e−d(t) cosh−1(ed(t)/2)√

−4 + e2d(t)
= 0

w©5�X@=�x

=@?$M

í X



f(t) =
1

1 − 4e−2d(t)
− 4

ed(t) cosh−1(ed(t)/2)

(−4 + e2d(t))
3/2

w$5�X~ÿ6x

C�?`G�I����þG�;>Guû�ü<J����{ûYGþJL?ØúÍJL:
d(t)

úÍJ�����J<0�üÝM$Gþ:<ù÷;÷û��G
ËúÍ:ýJLI°Jd>�?B4�w©5�X@=�xWARG�?�û<�$ù8úÍJL:<IzV

sinh[2 cosh−1(ed(t)/2)] − 2 cosh−1(ed(t)/2) = et
w©5 \ x

d(t)
A·=~ü2�LGG�Lù÷?âÿ&
�ûY�$ùKü<J����{ûYGþJL?�J@ú|Jd>�?B4�w$5 \ xWAÈM$ù 
 ?$ù>üv=@?âù��{=@;÷û>AÙ=@üQ
�I��{û<J@ûYGþ;KüýJ�����ûYG�J@?.J~ú|Jd>�?B4

w©5 = x�J~úÙûY�$ùDúÍJL:<I ü������Lù÷üýûYù÷M2ÿ&
FJd>�?B4*w©5 W xf4o�Ôû�G�ü0G�?�û<ù>:<ù÷üýû<G�?��KûYJËJ@ÿ$ü<ù÷:��Lù�û<�R=~û0úÍJL:
t → ∞

A�Jd>�?B4
w©5 \ xÝ�R=@ü�ûY�$ùDü<GþIB����ù8ü<J	���{û<G�JL?

d(t) = t/2
4%­�ù>ü�ûYJL:ýG�?��KM$GþIÆù÷?$ü<GþJL?R=	��>t�$=@?�ûYGþû<G�ù÷ü>ARûY�$Gþü�G�I�����Gþù>ü#û<�R=~û

ûY�{ùH`��$;÷û��R=~ûYGþJL?�ù>?$ù÷:��	
�úÍ:ýJL?�û�ù'���R=@?{M$ü�=~;>;>J@:<M$Gþ?���ûYJ�V

d(t) = vt
w©5 e =&x

0�Gþû<�`=�;÷JL?$ü�û�=@?�û0úÍ:<JL?�û|�Lù���Jo;>Guû�


v = (
γ2D0

2γNL
)1/2.

w$5 e ÿ6x

� �$Gþü�ü<J����{ûYGþJL?ãü����	�Lù>ü�ûYü�ûY�R=~û�û<�$ù�M�
o?R=@IKG�;÷üKJ~ú
ε(x, t)

M$ù��@ù��þJ��$G�?��.úÍ:ýJLI =A��Jo;d=)��G�-÷ù>MÜüýJ��$:ý;>ù
ù��@J����@ù>üØGþ?�û�0�JÜü�ûYù��{ü>4��EG�:<ü�ûdA�ûY�$ù÷:<ùåGþüÆ:<=	�$GþM?�L:ýJ<0�ûY�æû<J{��J	�LG�ü�ûYG�;>=	���G
���G�IKGþû<ù>Mn�þJ�;>=	��üY=~û��$:Y=eûYG�J@?
=~û

ε = γ/γNL

4���ù>;÷JL?$MBAÙû<�$ù��~=	���$ù
ε = γ/γNL

M$ù 
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KIÆù÷;��R=@?$Gþü<Ië?{ù>ù>M`ÿ�ù
G�?&�@J�I@ù÷MÜûYJåù������H=@Gþ?âü��$;��ã=å:ýù��LGþJL?B4 � �$Gþü6ûY:<=@?$üýGþûYGþJL?�:<ù��LG�JL?l;>J�����Mâ�$=<�@ùØü<G��L?$G 
 ;d=@?�ûDG�I��R=@;WûDJL?
;>J@? 
 ?$ù÷IÆù÷?�û3�$:ýù>M$Gþ;÷ûYGþJL?$ü÷AR=@ü�Gþû|0�J����þM�ù'�oûYù÷?$Mtû<�$ùÎù��jù>;÷û<G��@ù6ù���û<ù>?�û�J@úEû<�$ùÎù>M��@ù@4

5�5



öÎï ñLÝcº�º�¼)Ú�Ú�¾�ºYÈm»'Þ�Á�Â�Ý�È�Þ1½�»�Ä&ÜcÚ�¼�È�Ä&Ç�½

�lùK�$=<�@ùËM$ù÷IÆJ@?$üýû<:Y=~û<ù>M�ûY�R=~ûÎû��$:<ÿ�����ù>?�û�`a�$;Wû��R=~û<G�JL?{üD;>=@?���ùd=)IhJL:Îü��$G����ÙGþ?�ûYJ`üýû�=~ÿ���ù�:<ù��LG�J@?$ü>4
� �$Gþü�ü������@ù>üýû<üKû<�R=~û�û<�$ù�
ã;>=@?�=	��üýJ Z$�oORO�UWb#ZT�oVY]8�Lne��b�]q�<a@bTbc[åXWZma��>b�U�VYUmn@Qm]eO{Xt]�^ Ø ORQTZ�U h Qji@ZÍ�SÌÔQj·gU�·
ß n�a'.RX)à�QTO�ZT�RUDn@VY] h ZÍ�tVýa@Z�UT.�VY] Ø b�U�Í 4 � �$ùvû��{?$?$ù��þG�?��B�$:<J@ÿ���ù÷I Gþü�M$ù÷IÆJ@?$üýû<:Y=~û<ù>MhGþ?"�·G��$4*w$X�xW4o�lù
;>J@?$ü<GþM$ù>:ýù>M�û��$?{?$ù�����G�?���ûY�$:ýJ����L��ÿ�J@û<��IË=@:��LG�?$=	���G
8üýûY=@ÿ���ùÝ=@?$M��$ùd=+�oG��G
vM$=@IB��ù>Mzw

γd ≥ γg

x·:<ù��LG�J@?$ü>4
���$;��R��=)�$ü·IKG��L��ûE;>JL:ý:<ù÷ü���JL?$M�ûYJ�ü<IÆ=	���(��Jo;d=)��û<:Y=@?{ü���JL:ýû·ÿR=@:<:ýG�ù÷:<ü>A)0��$ù>:ýù

γ(x) < 0
A	0��$G�;��6úÍJL:<I JL?

=@;÷;>J��$?�û·J@úa�$:ýù>ü<ü��$:<ù%�L:Y=@M{G�ù>?�ûEüýû<ù>ù���ù>?{G�?��$A@IÆù>=@?vù���ù>;WûY:ýG�; 
 ù��þMvüý�$ùd=@:÷ALG�ü��H=@?{M$üEùWûY;~4 � �$ùK�$:<ù÷M$G�;WûYG�J@?
J@ú�ù'����JL?$ù÷?�û<GH=	�·M$ù>;>=<
túÍJL:8=�IÆ=@:��LGþ?R=	�P:<ù��LG�J@?F0�Gþû<�

γ = 0
4 G\4 ù~4_Jd>(�R=~û<G�JL?¯w 9 í ÿ6x�7ÙGþ?$M$G�;>=~ûYù÷ü�ûY�$=~û

ûY�{ù�û��$:ýÿ����þù>?$;÷ù8;d=@? UWS@UWORZj�$a@bTbc[ û��{?$?$ù��jûY�$:ýJ����L��IÆ=@:��@G�?R=	����
vüýû�=~ÿ���ù/�L=	�$üÝJ@ú a@bTb�XWQGÎeU�X 4 ø úP;>J��$:ýü<ù~A
Gþû30�G����ÈûY=	I@ùr�Lù÷:�
A�þJL?��Ëû<G�IKù6û<JØû��$?$?{ù��·û<�$:<J����L�A�H=@:��Lù>:3��=	�$ü÷4_C
üýG�I�����ù6ÿ��{ûÎGþ?�û<ù>:ýù>üýû<G�?��m����J@û�J@ú
��=	�B0�G�M{û<���Lù>:ýü��$ü�û��$?$?$ù���G�?��6ûYGþIÆù0G�ü%�LG��@ù>?ØGþ?m�·G��{4ow \ xf4 � �$Gþü�����J~û#Gþ?$M$G�;>=~ûYù÷ü�û<�R=~ûÝû<�$ù�ù'���R=~?$ü<GþJL?
J@ú�û��{:<ÿ����þù>?$;÷ù�G�?�ûYJØû<�$ùr��Gþ?$ùd=~:���
`ü�û�=@ÿ��þù�:<ù��LG�J@?¯w�0�Gþû<�2?$JL?��þG�?$ù>=@:�M$=@IB�{G�?��(xo�$:<Jo;>ù÷ù>M$üÎGþ?hûYG�IKù�=~ü

x ∼ tn
0�GuûY�

n ∼ 1/4−1/5
4E�·G�?$=	���G
LAq=�;>J@IB���þù÷û<ù�=~?R=	��
oüýG�ü�J@ú��$:<J	�R=	��=~û<G�?���úÍ:ýJL?�û��jJLüýGþû<G�JL?N�oü>4ÈûYG�IKù

úÍJL:��~=@:<GþJ��$ü
γ(x)

�{:<J 
 �þù>üÈ;d=@?vÿjù�úÍJ��$?$M�Gþ?*�·G��$4Kw e xf4 �·G��*w e x�ü�
oüýû<ù>IÆ=~ûYGþ;d=	����
8;÷JLIB�$=@:<ù÷üEû��{:<ÿ����þù>?$;÷ù
ü��{:<ùd=~M$G�?��{A 
 :<ü�ûd0�GþûY�{J��{û�?$JL?���G�?{ùd=@:EMR=@I��$G�?�� 4 
 �aw e =&x�7\ALûY�{ù>?r0�Gþû<�K?{JL?���Gþ?$ùd=~:·MR=@I��$Gþ?�� 4 
 �6w e ÿ6x�7m4
O J~ûYù#û<�R=~ûÙGþ?vûY�{ù�=@ÿ$üýù>?$;÷ù�J@ú6��Jo;d=	�o?$JL?���G�?{ùd=@:ÈMR=@I��$G�?��$Aeû<�$ù#úÍ:ýJL?�ûd�jJ@ü<Gþû<G�JL?Dù'�oû<ù>?$M$üd0�GuûY�$J���û ��GþIÆGuû
ù'����JL?$ù÷?�û<GH=	����
@4KJ �@ù>?h;>=@ü<ù�wg;+xWAa0��$G�;��`�R=@ü�=�ü��$ÿ$ü�û�=@?�û<GH=	��:ýù��LGþJL?m0�GþûY�

γ < 0
ü<�{JM0�ü0?$J�ûYù÷?$M$ù>?{;�


J@újüY=~û��$:Y=eûYG�J@?B4 ø ?�ûY�$ù�J@û<�$ù>:��R=@?{MBA&0�GþûY��?$J@?���Gþ?$ùd=@:·MR=@I��$G�?�� 4 
 �6w e ÿax�7\Aoü��$:<ù>=@M$Gþ?��Î;d=@?KüY=~û��$:Y=eûYù@A
M$ù��jù÷?$M$G�?��`J@?�û<�$ùr�$:ýJ 
 ��ùvJ@ú

γ(x)
4_��?��$=@:ýû<G�;����H=@:�;d=@üýùFwÍ;<x�?$J<0 üY=~û��$:Y=eûYù>ü÷4 � �$ù�IKù>;��R=@?{G�ü<I-J@ú

ûY�{G�ü�üY=eû��$:<=~ûYGþJL?ãG�ü�?$J@?���Gþ?$ùd=@:v;>J�������G�?��2J@ú�û<�$ù�üýûY=@ÿ��þù�w
γ < 0

x�=~?$Mg�$?$üýûY=@ÿ��þù{w
γ > 0

xv:ýù��LGþJL?$ü
IKù>M$G�=~ûYù÷M.ÿ&
.ü��{:<ùd=~M$G�?��{4 O J@ûYùÆ=	��üýJ�ûY�R=~û>AEù'�Lù÷?f0�Gþû<�l?{JL?���Gþ?$ùd=~:8MR=@I��$G�?��{ABûY�$ù�û��$:ýÿ����þù>?$;÷ùÆ;>=@?
! s��$IB�c#���=)�$ü#Gþ?

γ(x)
A$=@ü�G�?Ø;>=@ü<ùrwj�(xÙúÍJL:#ù��{=@IB����ù@4 O J@û<G�;>ù0ûY�R=eû#úÍJL:�;d=@üýùRwÍú�xWAoü<Gþ?$;>ù�ûY�$ù3�R=@:ýû<G�;����H=@:

��=	�Kü<G�->ù�G�ü^�H=@:��Lù>:Ùû<�R=@?KûY�$ù�û��$:ýÿ����þù>?$;÷ùT��ù>?$ùWûY:Y=eûYG�J@?ÆM$ù��{ûY��A�û��{?$?$ù�����Gþ?��8M$Joù>ü#?{J@û�J�;÷;��$:÷A��$J<0�ù��@ù>:
úÍJL:�üýIË=	����ù÷:%��=	�{ü>A$ûY�{ùDü<=@IKùDM�
�?$=@IÆGþ;>ü�:ýù>ü����þûYü�Gþ?�û��$?$?$ù����þG�?��vúÍJ@:ÝûY�R=~û�;>=@ü<ù6=@ü|0�ù����\4
CT�uûY�$J	���L�{0�ù,�$ü<ù÷Mä;÷JL?&�Lù>?{G�ù>?�ûËF�ù>=<�oGþü<G�M{ùØüýû<ù����mú��$?$;÷û<G�JL?{ü�úÍJ@:*�L:<J<0�û<��:<=~ûYùm�{:<J 
 �þù>ü÷A�Gþ?Üúg=@;÷û

ûY�{ù�ÿR=@üýG�;�IKJ�M$ù���=@ü<ü��$IÆù÷ü
γ(x)

û<Jvÿ�ù�?$J@?���-÷ù>:<J{A�;÷JL?�ûYG�?(�$J	�$üÝ=@?{MËM$GG��ù÷:<ù>?�û<GH=@ÿ��þù@4L��J@:�=Îû��$:ýÿ����þù>?�û
M$GG�c�$üýG��oGþû�
ØM$ù>:ýG��Lù÷Mh:<G��LJL:ýJ��$ü��G
ËúÍ:ýJLIëûY�$ùDÿR=@üýG�;Dù�>(�R=~û<G�JL?{ü�Guû�Gþü�ù>=@ü<G���
�üýù>ù÷?åûY�R=eû

Dε

G�ü�ûYGþù>M`ûYJ
γ
A

�oGH=Æû<�$ù�üý;d=	�þG�?��ÆJ@úÞûY�$ùvüY=~û��$:Y=~û<ù>MhGþ?�ûYù>?{ü<Gþû�
z0�Gþû<�hM$:ýG��Lù~4NCT�uûYù>:ý?R=~û<G��Lù���
,����ûdA�û<�$ù>:ýù�G�ü�=ÆûYGþIÆù��H=	�
wg:ýù���=~ûYù÷M�û<JDû<�$ù�;>:ýJLü<ü^�$�R=~ü<ù<xÞÿ�ù÷û�0�ù>ù>?B`a�$;÷û��R=~û<G�JL?$ü�=~?$MÆ?{JL?���Gþ?$ùd=~:ÙG�?�ûYù÷:Y=@;WûYGþJL?B4 � �(�$ü÷Aoû<�$ù�=@ÿjJ<�@ù
IKJ�M$ù���Gþü�?$J@û0=@;÷;��$:<=~ûYùN0��$ù÷?

γ ≤ 0
4 � J�ûY=	I@ù8û<�$G�ü�;>=@ü<ùÎG�?�û<J�=@;>;÷J��$?�ûdARJL?{ùD?{ù>ù>M{ü�=�IKG�?$GþI*�$I J@ú

=�û�0#J8� 
 ù���M`IÆJoM$ù��\4L�lù/0�G�����;>JL?$üýG�M$ù÷:ÝûY�$ùÎüýG�I�����ù÷üýûo��JLü<üýG�ÿ��þù�;d=@üýù@Aa0��$Gþ;��tGþ?z�{:Y=@;WûYG�;÷ù8G�?�ûY:ýJ�M��$;>ù÷ü
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=hûYGþIÆùÆM$ù���=<
âÿjùWû�0#ù÷ù>??�L:<J<0�ûY�ä=@?$Mn`a�{;÷û��$=~ûYGþJL?���M{:<G��@ù>?ã:<=@M$GH=)��ûY:<=@?$ü��jJL:�ûdA�=@?$Mãû<�$G�ü�û<:<ùd=eûYü�ûY�{ù
ûY:<=@?$ü��jJL:�û6=@üN��=@;>;��$I*����=~ûYGG�Lù���4Ë���$;��ã=�M$ù���=+
�G�üÎ;��þùd=@:���
A�$:ýù>üýù>?�û�Gþ?.û<�$ùÆÿ$=@ü<Gþ;�û<�$ù>J@:�
L4 � �$ùÆû�0�J

 ù���M�IÆJoM$ù��BG�ü�V

∂

∂t
ε(x, t) + vgx(x)

∂

∂x
ε(x, t) + β

∂

∂x
(ε(x, t)V (x, t)) − γ(x)ε(x, t) + γNL(x)ε(x, t)2 = 0

w 9�9 x

∂

∂t
V (x, t) + α

∂

∂x
ε(x, t) = 0

w 9 ;(x

��?��$:Y=@;WûYGþ;>ùÙúÍJL:
ε ∼ eγt

A~JL?{ù�;>=@?ÎG�?�ûYù��L:Y=eûYùÙûY�{ù�ù�>(�R=~ûYGþJL?8úÍJL:BûY�{ù�IKùd=~?H`$JM0Ü=@?$MÎ:<ù÷;>J<�Lù÷:Èû<�$ù�G�?$GuûYG�=	�
IKJ�M$ù�� 4 G\4 ù~4TJd>�?B4Rw$5 = x�7\A60�GþûY�

D0 = βα/γ
43�RJL:�ûY�$ù6IÆJL:ýù2�@ù>?$ù÷:Y=	�È;d=@üýù@A�=Kü<�R=~:��A�L:<=@M$G�ù÷?�û�?$ù>=@:

ûY�{ù8ù>M��LùÎù÷?$�R=@?$;÷ù>ü�ûY�{ù8J��{û�0#=@:<M`IÆù>=@?�G�?�û<ù>?$üýGþû�
�`�����ü<GþIB����
Kÿ&
�=@;÷û<G�?���=~ü�=�;>JL?$üýù>:Q�@=eûYG��@ù8úÍJL:<;÷ù
ûY�$=~ûÙ=~;>;>ù���ù÷:Y=~û<ù>üEû<�$ùK`����j4 � �$Gþü·G�?Dû��$:ý?�=@M��Lù>;WûYü·û<�$ù�û��$:<ÿ�����ù÷?$;>ù�J��{û�0#=@:<MBA@:<ù>M��$;>Gþ?���û<�$ù#Gþ?�û<ù>?$üýGþû�

�L:<=@M$G�ù÷?�ûdA�ÿ��{ûPüýG�?$;÷ùÞGþû�Gþü�ûY�$ù�M$GG��ù÷:<ù÷?�û<GH=	�~M$:<GG�LùÙû<�R=~û��$:ýJ�M��$;>ù÷üPû<�$ù^�L:Y=~M$G�ù÷?�û^wgGm4 ù@4Pù��{Gþüýû<ù>?$;÷ù�J@úoM$:ýG��@ù
JL?2JL?{ù�ü<GþM$ù�=@?$M�?$J@?$ù'��G�ü�ûYù÷?$;>ù�J@ú�Guû�JL?hû<�$ù�J@û<�$ù>:�xWA�û<�$ùr�H=~ûýûYù÷:�G�ü�G�IKIÆù÷M$GH=~û<ù��G
Ø:<ù÷üýû<JL:<ù÷MB4��oG�?$;÷ù
ûY�{ùT�L:<=@M$G�ù÷?�û�Gþü#=)��0#=<
oü�ü���������G�ù÷MË=eû�û<�$ù�ü<=@IÆùD��JLG�?�û�ÿ&
Kû<�$ù�M{:<G��@ù@A�ûY�$ù0IKùd=@?�`RJ<0¼ü���ù>ù>M{ü�=~û�ûY�R=~û
��JLG�?�û�Gþ?$;>:ýùd=@üýù_0�Gþû<�$J��{û/��G�IKGþû>Aa�$?�ûYG��·J@û<�$ù>:�ù'��ù÷;÷û<ü8ü<ù÷ûÎGþ?B4 � �$Gþü�G�ü0ûY�$ù�:ýùd=@üýJL?A0#ù�;>=	���PûY�{G�ü�û�
t��ù
J@ú�ûY:Y=~?$ü���JL:ýû_��=@;>;��$I*����=~ûYGG�Lù���4ä���$;��äù��jù>;÷û<üÆù÷?$�R=@?{;>ùtû<�$ù�û��$:ýÿ����þù>?$;÷ù`û��$?$?$ù���G�?��.;÷JL?$üýG�M$ù÷:Y=@ÿ��G
L4
CT�uûY�$J	���L��ûY�$ùDù'��G�ü�ûYù÷?$;>ù6J@ú 
 :ýüýû�JL:<M{ù>:0ü��R=~û<GH=	��M{ù>:<GG�~=~ûYGG�Lù>ü�Gþ?FJd>�?$ü>4�w 9�9 A 9 ;&x0=@?{M`û<�$ùDúg=~;÷û0ûY�R=~û
ûY�{ù8IÆù>=@?�`RJ<0±�@:<J<0�üÝûYJ�ü��$;��b��=@:��@ù�IË=)�L?$Gþû��$M$ù÷ü#?$ù>=@:ÝûY�$ù8ÿ�J��$?{MR=@:�
��H=+
Lù÷:ÝIÆ=	I@ù�û<�$ù8?(�$IÆù÷:<Gþ;d=	�
�$:ýJLÿ���ù÷I!üýJLIÆù'0��R=~û�IKJL:<ù#M$G��K;����þûdAL=H>(�R=)��GþûY=~ûYGG�LùK�$G�;Wû��$:ýù�J@ú60��R=~û��R=	����ù>?{üÞ;d=@?KÿjùÝúÍJ	�$?$M�G�?R�·G��$4
w í+u xW4

î�áÆï ô�î�¥jö0õ�¥c¥RîWóÎð°¡6ð�ô)ö8ó8ðËö3 Èõ�¥$î÷óÎð�¥

��?hûY�{G�üT�$=	�jù÷:>Ac0�ù��R=+�Lù�ü�û��$M{G�ù>M2û<�$ù�M�
o?R=@IKG�;÷ü�J@úÞû��$:<ÿ�����ù>?{;>ù�ü��{:<ùd=~M$G�?��Ø=@?$M2?$JL?���Jo;d=	�E�$�$ù��
?$JLIKù>?$=�Gþ?ãIË=)�L?$ù÷û<G�;>=	���G
�;>JL? 
 ?$ù>M¯���H=~ü<IÆ=@ü>4 � �{ùz�{:<G�?{;>G��$=	�#:ýù>ü����þûYü�J~ú�û<�$G�ü�Gþ?(�@ù>ü�ûYG��L=~ûYGþJL?ã=@:ýù
��Gþüýû<ù>M�ÿjù���J<0HV

í 43C IKJ�M$ù��júÍJL:Ýû<�$ùH��Jo;d=	��û��$:ýÿ����þù>?$;÷ù6Gþ?�û<ù>?$üýGþû�
Ëù��LJ	���{û<G�JL?m0#=@ü�M$ù>:ýG��Lù÷MF�$üýG�?����RJ�I(I@ù÷:Q��C^��=@?$;UI
û<�$ù>JL:Q
L4 � �{ùÝIÆJoM$ù��oGþüEú��$:�ûY�$ù÷:Ùù����$;>GþMR=~û<ù>Mvÿ&
6;>JLI��R=@:ýG�üýJL?�=@?{M�;>JL?�ûY:<=@üýûL0�GþûY��0Ý=+�@ùDI�Gþ?$ù÷û<G�;>ü
=@?{M*0�GþûY�

K−ε
û�
t��ùÝû��$:ýÿ����þù>?$;÷ù�;���J@ü��$:ýù>ü>4 � �$ù�IÆJoM$ù���Gþ?(�@J����@ù>üd�þJ�;>=	���@:<J<0�ûY�zw

γ(x)
xfA&��Jo;d=	�

?$J@?���Gþ?$ùd=@:vMR=@I��$G�?��¯w
γNL(x)εα+1

xv?{JL?���Gþ?$ùd=~:�M$G����$üýG�JL?�w
Dε = D0ε

α
x�=@?$M�:Y=~M$GH=	�%�L:<J����

�$:ýJ��R=	�L=~ûYGþJL?BA$=~ü�=�IKJ�;UI��@����J@úEû<JL:<J@G�M$Gþ;>Gþû�
Æù��jù>;WûYü÷4

5);



5o4 � �$ù�üýG�I�����ù�IKJoM$ù��E�R=@üÎÿjù÷ù>?.ù'�oûYù÷?$ü<GG�Lù���
�ù'�����þJL:<ù÷MBA��$ü<Gþ?���;>J@I�ÿ$G�?{ù>M.=@?R=	�G
�ûYG�;>=	�Ù=~?$M�?t�t�
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å ª�èvç{Ï ÌgÚ<Ï�Úg¦�ÅdÄK¥>¾�¨�î8Ï�Úg¦�ÅdÄ�Ö�ÕPÃu¥d°�¿D¥8Õ�Ä~½@°fÏ�ï·Åd¾e¦�¬�ÅdÃÍÏoÒ�®�°�ÀÂÅd¾�ð�ñ�Öaæf±<í<í�£Tªq±q±�æW³<Ï
å «�èDÒÙÏ(é�Àc¾e¦�Åd¾�Ö�Õ�Ä~½@°WÏ�Ò�Ãc®�ÀÂ¨�°fÏ(ònñ�Ö(ë<ì<ë�£@æ�ì<ì�æW³<Ï
å ²+èvç{Ï ÌgÚ<Ï�Úg¦�ÅdÄK¥>¾�¨�î8Ï�Úg¦�ÅdÄ�Ö�ÕPÄe½L°fÏ(ó�§YÑ$Ï�ô�§Y¦�¦%õ�ö�Ö�ªqªM÷+ë�£@æ�ì<ø<ø�³<Ï
åùí�èD¤�ÏEú�ÏEû�§Y×Þ¿D¥>¾�ÖdòÝÏP­�ÏpïÙ¥>¬�¬�§Y¬�¥d°fÖÞÕ�ÏEé�ÏP¤#Àu¥>¿ÎÅd¾�¨RÖ�¥>¾�¨ Ð ÏEç{ÏEé#¥>Ä�¿�ÖÞÕ�Ä~½@°WÏPÕ�Ãu¥d°�¿D¥d°*ñ�Ö�æ�ø<í<ø

£@æ�ì<ì<ë�³<Ï
åùë�è�î8Ï(é�Ï&ò·®�¬�¬�§YÃcÃdü�ýjþ�ÿ��çþuÖ�Õ�Ä~½@°fÏoÕ�Ãu¥d°�¿D¥d°��{Ö6æ�íq«<ë�£@æ�ì<ì>²~³<Ï
å]÷'è�ú�Ï��oÏ�ç~½~¾o¥>Ó�ÅW×�°�Ó@Àdü�ýjþ�ÿ��çþuÖ�Õ�Ä~½@°fÏoÕ�Ãu¥d°�¿D¥d°^ðjÖaæ'÷d«<ë�£@æ�ì<ìM÷q³<Ï
åùø�èDÕ�Ï6é�ÏR¤#Àu¥>¿ÎÅd¾�¨RÖ���Ï�òÝÏaô�§YÉ$§�¨�§YÑ{Öj¤�Ïaú�Ï6û#§Y×Þ¿D¥>¾�Öj¥>¾�¨mòÝÏR­�ÏYïÙ¥>¬�¬�§Y¬�¥d°WÖ�Õ�Ä~½@°fÏ�Õ�Ãu¥d°�¿D¥d°Tê�Ö�«<ë<ø<í

£@æ�ì<ì<í�³<Ï
åùì�è�òÝÏ(òÝÏ&î�¥d¨�Åd¿0¦�°�§YÑ$Ö	�
�²ÿ���
Hÿ������������çü����Qü�£H­ÞÁf¥d¨�§Y¿8ÀÂÁ0ÕP¬�§�°�°fÖ(û#§Y×Þ½�Åd¬�Ó{ÖYæ�ì<ë<í�³<Ï
åçæf±�è���Ï^òÞ¥>¬�§Y¾~É�Ãu¥>¦�¦fÖ��	��ÿ�� �!��"�#��Uü�� $&%'�&�!
��(�çÿ�����ý*)�#_ÿ��	+,�!�týjü���
Hü-+���ÿMýjü,ÿ���)�
/.�ý10Mý*�*���l£�ïÙ¥>¿�É�¬�ÀÂ¨L¯�§32�¾�ÀcÑ�§Y¬�¦g½

Õ�¬�§�°�°WÖ�ïÙ¥>¿0É�¬�ÀÂ¨L¯�§qÖ�æ�ì<ì<ë�³<Ï
åçæ<æ�è�ôPÏ Ì548Ï�ïEÄ�§Y¾Æ¥>¾�¨Rû�Ï6�ÝÅdÃÂ¨�§Y¾LÇT§YÃÂ¨RÖ�Õ�Ä~½@°fÏtó�§YÑ$Ï�­?ð87RÖ(í<íM÷dª�£@æ�ì<ìqª�³<Ï
åçæfª�è:9�Ï6��¥>¬�É{§Y¦fÖtôPÏ(ô�¥>®�¬�§Y¾~¦fÖo­�ÏoçL¥>¿D¥>Àc¾�Ö�¥>¾�¨;��Ï�ïEÄ�Àc¾o¥>¬�¨�§Y¦fÖ�û�®�ÁYÃÂ§f¥>¬�Ò�®�°�ÀÂÅd¾Bñtð�Ö(ì<ëq«�£@æ�ì<ì>²~³<Ï
åçæf«�èvç{Ï�ÕB¥>¬�Ó�§Y¬�ü�ýjþGÿ<�çþuÖ�Õ�Äe½L°fÏ�ÕPÃu¥d°�¿D¥d°Kñ�Öaæ�ì<í<ì�£@æ�ì<ì<ë�³<Ï
åçæY²+è�ó0Ï�¤�Ï�ç~½L¨�Åd¬�¥BüUýjþ�ÿ���þÂÖ�Õ�Ãu¥d°�¿D¥8Õ�Äe½L°fÏ�ï·Åd¾~¦�¬�ÅdÃÍÏoÒ�®�°�ÀÂÅd¾Bñ6=�Ö�­#ª<ø�æD£@æ�ì<ì<ë�³<Ï
åçæ�í�è�>�Ï(ôRÀc¾Ë¥>¾�¨ Ð Ïoç{Ï(éÝ¥>Ä�¿�Ö�Õ�Äe½L°fÏ�Õ�Ãu¥d°�¿D¥d°?�6�{Öaæf±<ì<ì�£Tªq±q±>²~³<Ï
åçæ�ë�è�>�Ï(ôRÀc¾�Ö Ð Ï�ç{Ï&é#¥>Ä�¿�Ö{ç{Ï&ú�¦�Ä�ÀÂ§Y¬fÖ�¥>¾�¨�à¢ÏA@åÏ Ð ¥>¾�¯�Ö�Õ�Ä~½@°WÏ(ó�§YÑ$Ï&ô�§Y¦�¦fÏ6=�=�Öaæ�ì<íq±q±>²Ë£Tªq±q±qª�³<Ï
åçæ'÷'è�>�Ï(ôRÀc¾1ü�ýjþPÿ���þuÖ�Àc¾CBEDGFHD�%�IKJ�%ML�N�OH�QPSRTOQRå£Tªq±q±qª�³<Ï
åçæ�ø�è Ð Ï�ç{Ï�é#¥>Ä�¿�Ö�ÕjÏaé�Ï$¤�Àu¥>¿ÎÅd¾�¨RÖU>�Ï�ô�Àc¾�Ö6î8ÏRÚg¦�ÅdÄ�Ö�¥>¾�¨`ç{Ï ÌgÚ<Ï$Úg¦�ÅdÄ�ÖRÕPÃu¥d°�¿D¥�Õ�Äe½L°�ÀÂÁ�°�¥>¾�¨zï·Åd¾~¦�¬�ÅdÃcÃÂ§�¨

Ò�®�°�ÀÂÅd¾Bð�õ�Öo­#«qªq«�£Tªq±q±>²~³<Ï
åçæ�ì�è�ú�Ï Ì'��Ï�îÝÀc¿ üUýjþPÿ��çþuÖ&û�®�ÁYÃÂ§f¥>¬�Ò�®�°�ÀÂÅd¾�ð�ñ�Ö(ì<ë�æD£Tªq±q±q«�³<Ï
å ªq±�è�ôPÏ�ïEÄ�§Y¾�Ötó0Ï&òÝÏLàlÄ�Àc¦�§qÖ�¥>¾�¨�ÒÙÏ6>$¥>¾�Áf¥LÖ�Õ�Äe½L°fÏ(ó�§YÑ{Ï&ô�§Y¦�¦/V�ê�Ö�±M÷+íq±q±>²Ë£Tªq±q±>²~³<Ï
å ª�æ�èÎà¢Ï�@tÏ&û#§YÑ@Àc¾�°fÖ�Õ�¬�ÀcÑq¥>¦�§3ï·Åd¿8¿0®�¾�ÀÂÁf¥>¦�ÀÂÅd¾2£Tªq±q±>²~³<Ï
å ªqª�èDÕ�Ïo¤#Àu¥>¿ÎÅd¾�¨K¥>¾�¨W@åÏA@Ë¥>ÃcÓ�ÅWÑ{ÖoÕ�Äe½L°fÏ�ç@ÁY¬fÏ ñ V6=�Ö(ëq«�£Tªq±q±qª�³<Ï
å ªq«�èvç{Ï�ïEÄo¥>¾�¨L¬�¥d°�§YÓ@Äo¥>¬fÖtó�§YÑ{ÏX@ËÅ~¨RÏ�ÕPÄe½L°fÏQ�X7�ÖaæD£@æ�ì>²e«�³<Ï
å ª>²+è���Ï�>$¥d°�Ãu¥�ÑL°�Ó~½�Ö�ÕPÄe½L°�ÀÂÁ�°[ó�§YÊ{Åd¬�¦�°^ñQY���Ö�²8ë�æÎ£Tªq±q±qª�³<Ï
å ª<í�è�û�ÏZ��ÏBÑq¥>¾1î�¥>¿8Ê{§Y¾{û�Ï[��ÏcÖG��ý10���\	ÿ���ý*�5�]�^�_0`�Qü&�T��ü&�C�!�a�^\b)��&�5���rÿ<��+cI�\&ü�
��d��ý*�&)l£�û#Åd¬�¦�Ä�é#ÅdÃcÃu¥>¾�¨RÖ
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æ�ì<ø�æW³<Ï
å ª<ë�èvç{Ï(òÝÏ�Õ�ÅdÊ{§qÖ
�A���e������ü��týgf[�h0�ij�D£�ïÙ¥>¿�É�¬�ÀÂ¨L¯�§k2�¾�ÀcÑ�§Y¬�°�Àc¦g½�Õ�¬�§�°�°fÖtïÙ¥>¿0É�¬�ÀÂ¨L¯�§qÖ$ªq±q±q±�³<Ï
å ªM÷'è�ôPÏ�¤�Ï&ô�¥>¾�¨�¥>®Ø¥>¾�¨Rú�Ï�@åÏ&ôRÀ�ÇT°�Ä�Àc¦�ì�Ö�f[� ���5+:
�üE��\	ÿ����5���v£H­Þ¨�¨LÀÂ°�Åd¾LÌÍà�§�°�ÃÂ§Y½�ÕP®�É�Ï�ï·Å�ÏcÖ6æ�ì<í<ì�³<Ï
å ª<ø�è�ó0Ï�­�Ï�Ò�ÀÂ°�Ä�§Y¬fÖ�­�¾�¾�Ï&ú�®�¯�§Y¾�ÀÂÁ�°SY{Ö�«<íq«�£@æ�ìq«M÷q³<Ï
å ª<ì�èD­�Ï&î�ÅdÃc¿ÎÅd¯�Åd¬�Å>ß�Ö�Ú<Ï�Õj§Y¦�¬�ÅWÑ@°�Ó~½�Öo¥>¾�¨�û�Ï�Õ�ÀÂ°�Á�Åd®�¾�Å>ßBÖ�@ËÅq°�Á�ÅW×l2�¾�ÀcÑ$Ï&ò·®�ÃcÃÍÏ�@Ø¥>¦�Ä�ÏQ��ÖaæÎ£@æ�ìq«M÷q³<Ï
å «q±�èm��Ï�¤�ÏA@Æ®�¬�¬�¥�½�ÖKn�ÿ<ý!\�ü�
Hÿ<ý*�5��ÿ��8op�50��q0-"�)�£Íç~Ê�¬�Àc¾�¯�§Y¬ÔÌÍà�§Y¬�Ãu¥>¯*òÙ§Y¬�ÃcÀc¾Ré#§YÀÂ¨�§YÃcÉ{§Y¬�¯�Ö�æ�ì<ìq«�³<Öoª>¾�¨�§�¨RÏ
å «�æ�è�òÝÏ(òÝÏ&î�¥d¨�Åd¿0¦�°�§YÑ$ÖoÕP¬�ÀcÑ~Àc¦�§3ï·Åd¿8¿�®�¾�ÀÂÁf¥>¦�ÀÂÅd¾h£@æ�ì<ìq±�³<Ï
å «qª�èm��Ï�à¢Ïtï·Åd¾�¾�Åd¬#¥>¾�¨ró�ÏA��Ï(éÝ¥d°�¦�ÀÂ§qÖ�Õ�Ä~½@°fÏoÕ�Ãu¥d°�¿D¥d°?����Öaæ�íqªq±�£Tªq±q±>²~³<Ï
å «q«�èDÕ�Ïpé�ÏP¤#Àu¥>¿ÎÅd¾�¨RÖ�ç{Ï ÌgÚ<ÏPÚg¦�ÅdÄ�Ödî8ÏÈÚg¦�ÅdÄ�Ö�¥>¾�¨ Ð ÏEç{ÏEéÝ¥>Ä�¿�ÖGr^ü�s���ü�it0_$vu`0���ÿ��Qwp0�ij�<ÖÞ°�®�É�¿8Àc¦�¦�§�¨�¦�Å

Õ�Ãu¥d°�¿D¥DÕ�Äe½L°fÏtï·Åd¾~¦�¬�ÅdÃÍÏoÒ�®�°�ÀÂÅd¾å£Tªq±q±>²~³<Ï
å «>²+èD¤�Ï�¨�§YÃ�ïÙ¥d°�¦�ÀcÃcÃÂÅ>Ìjû#§Y¯q¬�§Y¦�§qÖtòÝÏ�­�ÏtïÙ¥>¬�¬�§Y¬�¥d°fÖo¥>¾�¨;��Ï&ú�Ï(ô�½~¾�Á�Ä�Ö�Õ�Äe½L°fÏ�ÕPÃu¥d°�¿D¥d°?����Ö�«<ø<í>²Æ£Tªq±q±>²~³<Ï
å «<í�è�ôPÏA�#ÀcÃcÃu¥>¬�¨Aü�ýjþ�ÿ���þÂÖ&û�®�ÁYÃÂ§f¥>¬�Ò�®�°�ÀÂÅd¾�ðtðjÖaæ'÷dª�£Tªq±q±>²~³<Ï
å «<ë�è�ó0Ï&îÝ¬�¥>ÀÂÁ�Ä�¾o¥>¾�Ö��oÏ�ÒjÃc®�ÀÂ¨x@Æ§�Á�Ä�Ï�7RÖ�²8ìM÷�£@æ�ì<í<ì�³<Ï
å «M÷'èDÒÙÏ�>{Åd¾�Áf¥LÖ(ó�Ï&ò#ÏLàâÄ�Àc¦�§qÖo¥>¾�¨RôÈÏtïEÄ�§Y¾�Ö�Õ�Äe½L°fÏ�ÕPÃu¥d°�¿D¥d°?����Ö�ª>²8ø<ø�£Tªq±q±>²~³<Ï
å «<ø�èDÒÙÏ�>{Åd¾�Áf¥LÖ(ó�ÏLàlÄ�Àc¦�§qÖo¥>¾�¨rôÈÏ�ïEÄ�§Y¾�Ö�Àc¾�D/�Z�6%*yz�H�{n�ü�üUý*�(��"�#jD/�q���X|��(ü��E|��(ü&#HJ}n £Tªq±q±q«�³<Ï
å «<ì�è�î8Ï�Ú\¦�ÅdÄ"ü�ýjþ�ÿ��çþuÖ�°�®�É�¿8Àc¦�¦�§�¨�¦�ÅDÕ�Ãu¥d°�¿D¥8Õ�Ä~½@°WÏ�ï·Åd¾e¦�¬�ÅdÃÍÏ�Ò�®�°�ÀÂÅd¾t£Tªq±q±>²~³<Ï
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Ò�Àc¯q®�¬�§*æq©[òÙ§YÄo¥�Ñ@ÀÂÅd¬�Å>ÇÈ¦�Ä�§�°�ÅdÃc®�¦�ÀÂÅd¾�°#ÇTÅd¬�¦�Ä�§�Áf¥d°�§�°ÝÅ>ÇÙ¥�³
γ = 0.5

¥>¾�¨ËÉ�³
γ = 0

Ö$×ÞÀc¦�Ä
γNL = 0

Ï Ð Ä�§
¨�Åd¦�°#Á�Åd¬�¬�§�°�Ê{Åd¾�¨Æ¦�ÅÎ¦�Ä�§0¬�§�°�®�Ãc¦ÝÅ>ÇB¾~®�¿Î§Y¬�ÀÂÁf¥>ÃBÀc¾e¦�§Y¯q¬�¥>¦�ÀÂÅd¾�Ö�¥>¾�¨�¦�Ä�§�°�ÅdÃcÀÂ¨KÃcÀc¾�§0Á�Åd¬�¬�§�°�Ê$Åd¾�¨�°#¦�ÅÎ¦�Ä�§0§�~�¥dÁY¦
¥>¾o¥>Ãc½@¦�ÀÂÁf¥>ÃE°�ÅdÃc®�¦�ÀÂÅd¾�Ï�Ò�Åd¬�¦�Ä�§

γ = 0
¦�Ä�§8®�°�®o¥>ÃÈ°�Áf¥>ÃcÀc¾�¯

ξ = x/t1/3
ÀÂ°0ÅdÉ�¦�¥>Àc¾�§�¨RÖ�×ÞÄ�§Y¬�§f¥d°0ÇHÅd¬

γ = 0.5

� §�~LÊ{Åd¾�§Y¾~¦�Àu¥>Ãj°�Ê�¬�§f¥d¨LÀc¾�¯ � ÀÂ°�ÅdÉ�°�§Y¬�Ñ�§�¨RÏ

Ò�Àc¯q®�¬�§�ªL© ï·Åd¾�°�¦�¥>¾e¦#Ñ�§YÃÂÅ~ÁYÀc¦\½�§�~@Êo¥>¾�°�ÀÂÅd¾�ÇHÅd¬�¦�Ä�§0Áf¥d°�§�Å>Ç
γ = const.

¥>¾�¨
γNL = const.

Ð Ä�§�¾~®�¿Î§Y¬�ÀÂÁf¥>Ã
°�Àc¿�®�Ãu¥>¦�ÀÂÅd¾D¬�§YÊ�¬�§�°�§Y¾~¦�§�¨ÎÉe½�¦�Ä�§�¨�Åd¦�°�ÀÂ°BÀc¾6§�~LÁ�§YÃcÃÂ§Y¾~¦E¥>¯q¬�§�§Y¿Î§Y¾e¦E×ÞÀc¦�ÄÎ¦�Ä�§�¥d°�½@¿8Ê�¦�Åd¦�ÀÂÁ�¥>¾o¥>Ãc½~¦�ÀÂÁf¥>Ã{°�ÅdÃc®�¦�ÀÂÅd¾
¬�§YÊ�¬�§�°�§Y¾~¦�§�¨6É~½Î¦�Ä�§#°�ÅdÃcÀÂ¨ÎÃcÀc¾�§�°fÏ�úPÑ�§Y¾6¿ÎÅd¬�§#Á�Åd¿8Ê�ÃÂ§�~DÀc¾�Àc¦�Àu¥>Ã$Á�Åd¾�¨LÀc¦�ÀÂÅd¾�°�¥>Ê�Ê�¬�Å�¥dÁ�Ä�¦�Ä�§�°ý¥>¿Î§#¥d°�½@¿8Ê�¦�Åd¦�ÀÂÁ
°�ÅdÃc®�¦�ÀÂÅd¾�Ï

Ò�Àc¯q®�¬�§6«L©8ç~¦�§f¥d¨L½�°�¦�¥>¦�§Î°�ÅdÃc®�¦�ÀÂÅd¾`ÇHÅd¬�°�¦�§YÊLÌÍÃcÀcÓ�§
γ(x)

Ê�¬�Å>é�ÃÂ§qÖ�×ÞÄ�§Y¬�§
γ = 0

Àc¾`¦�Ä�§D°�¦�¥>É�ÃÂ§Î¬�§Y¯qÀÂÅd¾�Ï Ð Ä�§
¨�Åd¦�°�¨�§Y¾�Åd¦�§�¦�Ä�§Ý¾~®�¿Î§Y¬�ÀÂÁf¥>Ã�Àc¾~¦�§Y¯q¬�¥>¦�ÀÂÅd¾�Ö�×ÞÄ�§Y¬�§f¥d°�¦�Ä�§�°�ÅdÃcÀÂ¨�ÃcÀc¾�§ÝÀÂ°Þ¦�Ä�§�¥>¾o¥>Ãc½~¦�ÀÂÁf¥>Ãj°�ÅdÃc®�¦�ÀÂÅd¾�Àc¾�¦�Ä�§�Åd®�¦�§Y¬
¬�§Y¯qÀÂÅd¾KÁf¥>ÃÂÁY®�Ãu¥>¦�§�¨KÉe½�¥�¿D¥>¦�Á�Ä�Àc¾�¯�¥>¬�¯q®�¿Î§Y¾e¦fÏ

Ò�Àc¯q®�¬�§�²�©Ýç~¦�§f¥d¨L½Ë°�¦�¥>¦�§8°�ÅdÃc®�¦�ÀÂÅd¾ËÇTÅd¬Ý°�¦�§YÊLÌÍÃcÀcÓ�§
γ(x)

Ê�¬�Å>é�ÃÂ§qÖR×ÞÄ�§Y¬�§
γ < 0

Àc¾Ø¦�Ä�§]� °�¦�¥>É�ÃÂ§ � ¬�§Y¯qÀÂÅd¾�Ï Ð Ä�§
¨�Åd¦�°�¨�§Y¾�Åd¦�§�¦�Ä�§Ý¾~®�¿Î§Y¬�ÀÂÁf¥>Ã�Àc¾~¦�§Y¯q¬�¥>¦�ÀÂÅd¾�Ö�×ÞÄ�§Y¬�§f¥d°�¦�Ä�§�°�ÅdÃcÀÂ¨�ÃcÀc¾�§ÝÀÂ°Þ¦�Ä�§�¥>¾o¥>Ãc½~¦�ÀÂÁf¥>Ãj°�ÅdÃc®�¦�ÀÂÅd¾�Àc¾�¦�Ä�§�Åd®�¦�§Y¬
¬�§Y¯qÀÂÅd¾KÁf¥>ÃÂÁY®�Ãu¥>¦�§�¨KÉe½�¥�¿D¥>¦�Á�Ä�Àc¾�¯�¥>¬�¯q®�¿Î§Y¾e¦fÏ

Ò�Àc¯q®�¬�§2íL© Ð ®�¬�É�®�ÃÂ§Y¾�Á�§6Ê{§Y¾�§Y¦�¬�¥>¦�ÀÂÅd¾h¨�§YÊ�¦�ÄtÁf¥>ÃÂÁY®�Ãu¥>¦�§�¨tÉe½�Á�Åd¾�°�ÀÂ¨�§Y¬�Àc¾�¯Æ§�¨�¨L½L°0¦�Äo¥>¦�¥>¬�§8¦�¬�¥�Ñ�§YÃcÃcÀc¾�¯Ø×ÞÀc¦�Ä
Á�Åd¾�°�¦�¥>¾~¦�°�Ê{§�§�¨`Àc¾t¦�Ä�§

x
¨LÀc¬�§�ÁY¦�ÀÂÅd¾�ÖP×ÞÄ�ÀcÃÂ§DÉ$§YÀc¾�¯Ë¨�¥>¿8Ê$§�¨RÏË­�¾åÅdÉeÑ@ÀÂÅd®�°�¥>¾o¥>ÃÂÅd¯q½`ÀÂ°0×ÞÀc¦�ÄåÓ~Àc¾�§Y¿D¥>¦�ÀÂÁ�°WÖ

×ÞÄ�§Y¬�§�¦�Ä�§�Ä�§YÀc¯qÄ~¦�ÀÂ°Ù¬�§YÃu¥>¦�§�¨K¦�Å
ε
Ï

Ò�Àc¯q®�¬�§|ëL© Ð ®�¬�É�®�ÃÂ§Y¾�Á�§�¨L®�§#¦�Å8¥�°�¦�¬�Åd¾�¯qÃc½ÎÃÂÅ~Áf¥>ÃcÀcìf§�¨�°�Åd®�¬�Á�§�¿ÎÅ@¨�§YÃcÃcÀc¾�¯�¦�Ä�§Ý°�Ê�¬�§f¥d¨LÀc¾�¯8Å>Çj¦�®�¬�É�®�ÃÂ§Y¾�Á�§Ý¦�Äo¥>¦
ÀÂ°PÊ�¬�Å@¨L®�Á�§�¨6Àc¾D¦�Ä�§�§�¨L¯�§qÖ@Àc¾~¦�Å�¦�Ä�§#Á�Åd¬�§�¬�§Y¯qÀÂÅd¾�Ö�¥�³B×ÞÄ�§Y¾

γNL
ÀÂ°EÑq¥>¬�ÀÂ§�¨ÎÉ�®�¦

γ
ÀÂ°PÓ�§YÊ�¦ÙÁ�Åd¾�°�¦�¥>¾~¦fÖ~É�³�×ÞÄ�§Y¾

γNL
¥>¾�¨

γ
ÀÂ°ÞÑq¥>¬�ÀÂ§�¨�Àc¾K°�®�Á�ÄK¥�×·¥f½v¦�Äo¥>¦

γ/γNL
ÀÂ°ÞÓ�§YÊ�¦�Á�Åd¾�°�¦�¥>¾~¦fÏ

Ò�Àc¯q®�¬�§�÷@©B­ã°�Ó�§Y¦�Á�Ä�Å>Ç�¦�Ä�§�¦�®�¬�É�®�ÃÂ§Y¾�Á�§#¦�®�¾�¾�§YÃcÀc¾�¯�Ê�¬�ÅdÉ�ÃÂ§Y¿�Ï�� Ð ®�¾�¾�§YÃcÀc¾�¯��ÝÀÂ°E°ý¥>ÀÂ¨Î¦�Å�Äo¥�Ñ�§#Å~Á�ÁY®�¬�¬�§�¨v×ÞÄ�§Y¾
¦�®�¬�É�®�ÃÂ§Y¾�Á�§�ÀÂ°�ÅdÉ�°�§Y¬�Ñ�§�¨�Àc¾�¦�Ä�§Ý¦�Ä�Àc¬�¨�¬�§Y¯qÀÂÅd¾�Ï
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Ò�Àc¯q®�¬�§NøL© Ð ®�¬�É�®�ÃÂ§Y¾�Á�§8¦�®�¾�¾�§YÃcÀc¾�¯�¦�Àc¿Î§�Ñ@°WÏÝ×ÞÀÂ¨L¦�ÄØÅ>Ç·¦�Ä�§�°�¦�¥>É�ÃÂ§�¬�§Y¯qÀÂÅd¾�Ï Ð Ä�§�Àc¾�Àc¦�Àu¥>Ã�¦�Àc¿Î§�Å>ß$°�§Y¦#ÀÂ°Ý¦�Ä�§
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