Eddy Viscosity and Laminarization of Sheared Flow

in 3D Reduced Magnetohydrodynamic Turbulence

Eun-jin Kim!, T. S. Hahm?, and P. H. Diamond®
1 Department of Physics, University of California San Diego, La Jolla, CA 92093-0319

2 Princeton university, Princeton Plasmas Physics Lab., P.O. Box 451, Princeton, NJ 08543

Abstract

The effect of Alfvén waves on turbulent momentum transport is studied
in three dimensional reduced magnetohydrodynamic turbulence. A strong
external uniform magnetic field By is assumed to be present orthogonal to
both background shear flow and its inhomogeneity. Energy is injected into
the fluid and/or magnetic field on small scales. It is shown analytically that
eddy viscosity is reduced as 1/B3 for a strong By, due to the cancellation of
the Reynolds stress by Maxwell stress. The sign of eddy viscosity is found
to depend on the detailed properties of forcings. Specifically, it is positive
for fluid forcing but depends on the anisotropy of the forcing in the case of
magnetic forcing. Furthermore, it is indicated that a magnetic field tends
to laminarize a mean shear flow. The possible implication of these results
for the dynamics of the zonal flows in tokamaks is discussed in view of the

cancellation of stresses.
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I. INTRODUCTION

One of the most basic concepts of turbulence theory and modelling is that of eddy (tur-
bulent) viscosity. Eddy viscosity, which represents the overall effect of momentum transport
by small-scale fluctuations (turbulent momentum transport) on a mean sheared flow, has
played a crucial role in the problem of momentum (or angular momentum) transport in
laboratory and space plasmas, for instance, in tokamaks,' accretion disks,? and the solar
interior.? It is well known that in two dimensional hydrodynamic turbulence (2D HD), eddy
viscosity is negative, as a consequence of the conservation of enstrophy, with energy cascad-
ing from small to large scales (inverse cascade). In contrast, the energy cascade is direct in
three dimensions (3D) since the vortex stretching breaks the conservation of enstrophy. In
view of common occurrence of magnetic fields in laboratory and space plasmas, mentioned
above, it is, however, important to incorporate the effect of magnetic fields on eddy viscosity,
namely to consider magnetohydrodynamic turbulence (MHD).? Note that enstrophy is no
longer an ideal invariant of MHD, even in 2D, on account of the Lorentz force.

In MHD, eddy viscosity originates not only from fluid (Reynolds) stress but also from
magnetic (Maxwell) stress, and there is a possibility of cancellation between the two
stresses.>® Characteristic of a magnetized system is the dominance of Alfvén waves in tur-
bulence, which turn random (irreversible) eddy motion into coherent (reversible) wave-like
motion with an enhanced memory time (i.e., the so-called Alfvénization process). As a
consequence of Alfvénization, equipartition between fluid kinetic and magnetic energies can
be realized, which can then lead to the cancellation of Reynolds (fluid) stress by Maxwell
(magnetic) stress. Such cancellation was indeed found in the previous works by Kim and
Dubrulle who analytically derived the eddy viscosity in a 2D MHD, where a strong large—
scale magnetic field and background shear flow are in parallel.>® They also demonstrated
laminarization of a mean shear flow by a magnetic field. The purpose of the present work is
to extend these studies to the simplest 3D system by adopting 3D Reduced MHD (RMHD)

and by assuming that a strong external large-scale magnetic field ByZ lies in the direction



orthogonal to both large—scale shear flow U(y)z and its inhomogeneity (7).

The result of this paper is directly related to the MHD drag reduction in laboratory ex-
periments, where the introduction of external magnetic field was shown to lead to reduction
in turbulent transport (eddy viscosity) as well as to laminarization of a mean shear flow.”
Our work may also have application in the following systems. First, note that the mean
field configuration that we consider in this paper is reminiscent of those in tokamaks and
accretion disks. In tokamaks, a zonal flow is perpendicular to a strong equilibrium magnetic
field. Here, a zonal flow is toroidally and poloidally symmetric E x B flow which is radially
sheared and is thought to be generated by Reynolds stress in drift-wave turbulence.! Even
if 3D RMHD does not capture all aspects of the dynamics of a zonal flow, the present work
may yet shed some light on the effect of Alfvén waves on the generation of a zonal flow for
high 8 plasmas. It may also have an implication for the (angular) momentum transport in
accretion disks, which is thought to be crucial to accreting matter to a central object.? In
addition, some relevance may be found in the drag reduction in turbulent polymer solutions
where Reynolds stress can be cancelled by elastic stress (due to elastic waves), instead of
Maxwell stress.®

In the present paper, we study momentum transport (eddy viscosity) and laminarization
of a mean shear flow in 3D RMHD. We assume that the background turbulence is generated
by an external forcing which injects energy into a fluid and/or magnetic field on small scales.
The main aim is then to analytically calculate eddy viscosity (or turbulent viscosity), by
using two-scale and quasi-linear analyses, together with the Gabor transform. We explore
the dependence of eddy viscosity on the properties of forcings, by adopting either fluid
or magnetic forcing under the assumption that these forcings are isotropic or anisotropic.
The Gabor transform is employed here to rigorously incorporate the inhomogeneity of a
background shear flow order by order, in terms of small parameter ¢ = [/L, where [ and
L are the characteristic scales of small and large scale fields. As shall be shown later, the
Gabor transform is related to the use of shearing coordinates which explicitly incorporates

the shearing of eddy by a background shear in the evolution of wave number in parallel
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to the shear.? In contrast to a conventional Fourier transform, the Gabor transform allows
us to study the strong shear limit where £ = |vk?/Q| < 1, using eikonal theory. Here
Q = —0,U(y) is a shear; v is the viscosity and £ ~ 1/[. In addition to the aforementioned
shear parameter £, our problem has another dimensionless parameter v = |Byq/€|, which
measures the ratio of the Alfvén frequency of mode ¢ to its shearing rate. Here ¢ is the wave
number along Byz. Due to the complexity of the analysis, we will mainly focus on strong
shear (£ < 1) and strong magnetic field (y > 1) limits, unless mentioned otherwise.

The structure of the paper is as follows. We formulate the problem in Sec. II and
analytically solve the equations for fluctuations in terms of the Gabor transform in Sec. III.
The result on the eddy viscosity is presented in Sec. IV. Our conclusion is provided in Sec.
V. Appendices contain the summary of properties of the Gabor transform and some of the

detailed algebra leading to main equations in the text.

II. GOVERNING EQUATIONS

We consider a 3D system in Cartesian coordinates where a strong uniform magnetic field
By points in the z-direction (By = BjZ); in tokamak, z represents the toroidal direction.
The fluid and magnetic field are assumed to be externally stirred by small-scale random

forcings. Then, the equations governing 3D RMHD are:*°

0 2
a—f—u-V a:Boaz¢+77VJ_af+Fa- (2)

Here B = ByZ+ b is the total magnetic field where the perturbed magnetic field b is related
to the magnetic vector potential @ as b = VxaZ = (0ya, —0,4,0); w is the vorticity related
to the stream function ¢ as w = —V? ¢ and velocity u as wz = V| xu = (0yu, — Oyuz)2; F,
and Fj, are small-scale random forcings acting on the fluid and magnetic field, respectively;
v and 7 are viscosity and Ohmic diffusion; V3 = 9,, + 8y, is the two-dimensional laplacian.

For the remainder of the paper, v shall be taken to be the same as 7 (i.e., v = 1) to simplify
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the analysis.

We assume that the velocity u has a large—scale component U = U(y)Z in the z-direction
on scale L in addition to a small-scale component u’ on scale [ in the z-y plane. By the
ordering of reduced MHD equations, the large-scale velocity U(y) is weaker than the uniform
magnetic field Byz. Since the main interest of this paper lies in the momentum transport,
a magnetic field is taken to have no large—scale component in the z-y plane. Then, by
assuming a scale separation between L and [ (e = [/L < 1), we express the magnetic and
velocity fields as follows: u= (u) +u' = U+ v, w=(w)+uw' =0+, b= (b)+b' =D/,
and a = (a) + @’ = o/. Here the angular brackets denote an average over the statistics of
the random forcings F,, and F, (see Sec. IV). Thus, U and Q = —0,U are large-scale fields
and v/, W', U, ¢’ and o' are small-scale fields; (u') = (W) = (b') = (') = (¢') = (F,) =
(F,) = 0. By neglecting local interaction terms compared to non—local terms, the equations

for fluctuations can then be written in the following form:

{ % + an} W' = ~Byd,V2d + Vi + F,, (3)
{ % + an} d = Byd.¢ +vVid +F,. (4)

For the evolution of the mean field U, we keep the nonlinear effect of small-scale fields to

obtain,
a _ ! ! bl bl 8
EU—_am@T)_ay(Umuy_ x y>+V U (5)
where m = — [p + b2/2] is the total pressure and p the pressure. In the above equation,

(uguy, — b b,) is the total stress, or turbulent momentum flux, which consists of Reynolds

and Maxwell stresses. It can be expressed in terms of the eddy (turbulent) viscosity vr as
(ugy, — bpb,) = —vpo,U = vpQ2. (6)

Note that a shear flow U(y)Z shears an eddy, reducing its scale in y as time progresses.
That is, the magnitude of wavenumber p increases for large ¢ as p(t) = p(t = 0) + kQt

(see Sec. III). In a strong shear limit (£ < 1), the shearing effect cannot be treated as a
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perturbation, making it inappropriate to use a conventional Fourier transform. For this
reason, we adopt the Gabor transform in the following analysis, which can capture such a
strong shear effect. We note that one alternative way is to use shearing coordinates.® The

Gabor transform of a given function 1) is defined by

bkx 1) = [ & f(1x = XD, 1), (7)

where f(z) is a filter function with a characteristic scale A where | < A < L which decreases
rapidly for large z. One example of such filter functions is a Gaussian filter with a form of
f(x) = exp(—x?/)\?). As be seen from the above equation, the Gabor transform is a special
case of the wavelet transform, and can be viewed as a localized Fourier transform with a
compact support A. (see Appendix A for a few key properties of the Gabor transform). In
§3, the coupled Egs. (3) and (4) are solved in terms of the Gabor transform. vr is then
obtained in §4 by computing (uju; — b;b;) in real space. Here the average is taken over the

statistics of forcings.

ITI. FLUCTUATIONS

A

We denote the Gabor transforms of fluctuations u’, ', ¢, b', @’ and F by 4, &, ¢, b, @
and F'. With the help of the properties of the Gabor transforms summarized in Appendix A,

the equations for fluctuations (3) and (4) can be written in the Gabor space as follows:

[Dt + v(k? +P2)] & = iBoq(k* + p®)a + F,, (8)
2, ol W 7

Here k = (k, p, q) and D is the total derivative defined by
D, =0, +Ud, + k0, , (10)

where @ = —0,U. Therefore, along a particle trajectory in the Gabor (eikonal) space

(x,k,t), the following relations hold: = = zq + U(t — to), ¥ = Yo, 2 = 20, k = ko, p =



po + kQ(t —1p), and g = go. Without loss of generality, we shall assume for the remainder
of the paper that ¢{) = 0 and Q = —-0,U > 0.

We note that Egs. (8) and (9) become identical to those derived in Ref. 5 if ¢ on the
right—hand sides is replaced by k. Thus, the procedure required to obtain solutions to Egs.
(8) and (9) is very similar to that described in Ref. 5. For completeness, some of intermediate

steps are provided in Appendix B.

A. Solutions

According to 3D RMHD ordering, the Alfvén frequency of the mode ¢ along a strong
magnetic field By is larger than the shearing rate, i.e., v = |Byg/Q2| > 1 since |Bygq/Q| ~
(Bo/U)(L/l,) > (Bo/U) (Il /1,) ~ O(1). Here ly and [, are characteristic radial and parallel
scales of perturbation and L is the characteristic scale of a mean flow. Note that this
condition 7 > 1 can also be realized for typical tokamak parameters. Thus, the solutions
for a(x,k,t) and i,(x,k,t) are found in the case of v > 1 in Appendix B, which can be

written in the following form:

t
a(x, k, 1) = a / B Bk / dt' g(x,k, t : x', X, t)
0

,/¢7/
) l| kK]

sin CF, + ( ! cos( + O/i,d), sin C)Fa] : (11)

Q t

(%, K, t) = — — / B Bk / dt' g(x,k, t : x', K, t')
0

{ aaw'

Tk ( a?By? sin ¢ + % cos {)Fw
{ 3ﬂ¢2( o By’ sin ¢ + — €08 C)
(aﬂw cosC——smC)} ] (12)

Here

=
If
>
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_Dp P
ﬂ_ k’ IB - kl’

o -1 o't -1

=[1- = '=1-—

wpeg] " epos]
1

(=101t —1t) - @(tan_l B —tan™' '+ o’ — o”f'); (13)

F, = F,(x K1), F, = F,(x,K,t'), and g(z,k,t: x',kK', ') is a Green’s function along the
particle trajectory, modified by the viscosity/diffusivity and the magnetic field:

g(x, k,t:x" k' ")

=0(@—a' = Ut —=1))d(y —y)o(z—2)o(k - K)é(p — p' — kQt — 1))0(q — ¢')

a4—a’4 3 1241 i
Xexp{T}exp{—y <k2t+ 31?2—k>}exp{1/ <k2t +3€2k'>}' (14)

We note that the solution for @, is correct to second order in 1/7 although that for a is

correct to third order. Thus, in the next section, the eddy viscosity will be calculated up to

second order in 1/7.

IV. MOMENTUM FLUX AND EDDY VISCOSITY

To evaluate the total stress, we assume that the correlation function of the forcing takes

the following form:!!

(ﬁ’i(x1,k1,t1)ﬁj(X2,k2,t2))

~ (27}')35”5(1{1 + k2)f2(‘(X1 — X2)/2|)€i(x1_x2)-k2$i(k2, tz — tl) 5 (15)
where 4,5 = w,a and ¢; is the Fourier transform of correlation function ¢;(r,t) =
(Fi(x,t1)Fi(x + r,t9)) that is assumed to be homogeneous. Note that the summation over

index i is not implied in the above equation; (F,(x,t;)F,(x + r,t3)) = 0. For simplicity, we

shall take qzi(kz, to — t1) to be delta—correlated in time, i.e,

Bi(ka, ta — t1) = di(ko)d(t2 — t1) . (16)
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The total stress (uyu, — b,by) is then easily computed by using 4, = —pi,/k and Egs.
(12)—(16) and (A3) as:

(g — bybiy)

S L e | B R

[ { T cos(29) - 2 i (29) + o
+¢';(f) { (1—17;2) cos (2p) + 27 sin (2@((1 :2)2 - 1QI€2> N (171 _727)3} |
(1)
in the limit as ¢ — oo. Here
2
QE%, az\/%ﬂ% 55%,
(pEV(T_ﬂ)—%[tanl + T tan ' g %],
411
%= [1 - ;‘_72] ’
G [(1;772)2_@4] | (18)

For the analysis, we leave the power spectra for the forcings qgw and qAﬁa unspecified and
evaluate the 7-integral only in Eq. (17). It is important to remark that the dominant
contribution to the 7-integral in individual Reynolds and Maxwell stresses is not shown in
Eq. (17). It is because both of them have the same magnitude and therefore cancel each other
in the total stress, to leading order. Note that these leading order terms are independent, of
By and lead to a logarithmic divergence as & — 0. The same cancellation, observed in 2D
MHD,%® simply reflects the fact that the fluid motion becomes dominated by Alfvén waves
for a strong By. This cancellation is imperfect in the presence of flow shear as shown in Eq.
(17). As shall be shown shortly, though, the next order non-trivial term in the total stress
is inversely proportional to Bj.

To evaluate the T-integral in Eq. (17), we consider the strong shear case £ = [vk?/Q] < 1,

where the effect of shear is more important than that of viscosity/diffusivity. The opposite
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limit of weak shear (£ > 1) will be briefly discussed at the end of this section. In the limit

of £ < 1, the 7-integral can easily be performed, leading to the following eddy viscosity:
2 2 2 _ 1.2

VT = 433(127r)3 /d3k];_2 [(kz _]T_p2)_3q3w(k) + 72]?2 +;; da(k)| - (19)
A few aspects of this result are of interest. First, it reveals the reduction in the momentum
transport due to a magnetic field since the amplitude of eddy viscosity becomes very small
as By (or v = |Byq/f|) increases. Note that the limit By — 0 can not be taken in Eq.
(19) since the latter is valid only when « > 1. Secondly, as the amplitude of vy o< 1/B? is
independent of a shear €2, an equilibrium profile of a mean shear flow becomes either linear
or parabolic.® That is, a magnetic field tends to laminarize a mean shear flow. Thirdly, Eq.
(19) indicates that the sign of eddy viscosity may depend on whether the energy is injected
into fluid (¢, # 0) or magnetic field (¢, # 0), and also whether forcings are isotropic or
anisotropic. Let us now look at this interesting dependence in detail.
(i) In the limit where the energy is injected only into the fluid (¢, = 0): vy is always positive
irrespective of the nature of (;Aﬁw.
(ii) In the opposite limit with a magnetic forcing only (ggw = 0): the sign of v hinges on
whether QASa is isotropic or anisotropic, as follows;
(ii-a) When b, is isotropic in the z-y plane, i.e., qga(k) = gga(\/m, q): vr is always
negative. This can easily be shown by using cylindrical coordinates (r,0,q) such that d*k =
drrdfdq, k = rcosf, and p = rsinf, and then by doing the angular () part of k-integral
to yield:

3

vr = —W /dda Ga(r, Q) 7 (20)

(ii-b) When (ﬁa is anisotropic in z-y plane, vy is positive if the forcing mainly consists of
components with p/k > 1 while it is negative if the opposite holds. Recalling that £ and p
are the wavenumbers parallel and perpendicular to the shear flow, in tokamaks, a magnetic
forcing with p/k > 1 corresponds to a forcing with a poloidally elongated structure localized

in r, and that with p/k < 1 represents a forcing which is radially elongated and localized
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in the poloidal direction. The above results are to be contrasted to the 2D MHD case,®
where an isotropic magnetic forcing leads to a positive eddy viscosity while an anisotropic
magnetic forcing can result in a negative viscosity.

Before concluding this section, we comment on the weak shear limit £ > 1. As the effect
of magnetic field is of interest to us, we assume v > £ > 1 so that the dissipation does not

wipe out magnetic fields. In this limit, Eq. (17) can be shown to give

_ 1 3 k_2 1 " o k?’(k - 417) 2
vr = 4B2(2m)3 /d qu l(kz +p2)2¢w(k) (k2 +p2)2'¢a(k) . (21)

Therefore, vy is always positive for fluid forcing, whereas it is likely to be negative for

magnetic forcing.

V. CONCLUSIONS

We have studied the momentum transport in 3D RMHD. The magnetic contribution
(Maxwell stress) to total stress was demonstrated to cancel out the leading order term
in the Reynolds stress. This cancellation results in a total stress proportional to /B2
for v = |Byq/?| > 1, thereby significantly reducing the momentum transport (or eddy
viscosity) for a strong magnetic field By. Since the amplitude of eddy viscosity vy ~ 1/B?
is independent of €2, besides becoming very small as By — oo, it indicates the tendency
toward effective ‘laminarization’ of a mean shear flow by a magnetic field. We also found
that the sign of eddy viscosity depends on the properties of forcings, such as the amplitude
and anisotropy. Specifically, in the strong shear limit (¢ < 1), a fluid forcing gives rise to
a positive eddy viscosity, consequently energy is transferred from large to small scales. In
contrast, in the case of a magnetic forcing only, the eddy viscosity is negative, unless the
magnetic forcing mainly consists of eddies that are elongated in the direction parallel to
the shear flow. In reality, these forcings are expected to originate from some underlying
instability as well as incoherent nonlinear interaction.

The result mentioned above has a direct application to the problem of drag reduction

in MHD.” As the basic physics underling the reduction of eddy viscosity in our problem
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arises from the cancellation of Reynolds stress by Maxwell stress via Alfvénization, a similar
reduction is likely to occur in turbulent polymer solutions through the near cancellation of
Reynolds stress by elastic stress. We note that in 3D MHD, the cancellation between total
fluid and current helicities, again due to Alfvénization, is responsible for the suppression of
the o effect.!?

It is instructive to compare this result with the two dimensional hydrodynamic turbulence
(2D HD), which is equivalent to the neglect of magnetic perturbation or Alfvén waves, and
then to speculate on its possible implication for the dynamics of the zonal flows in tokamaks.
As mentioned in Introduction, in 2D HD, the eddy viscosity is negative,> and accordingly,
the energy is transferred from small to large scales (inverse cascade). That is, a small-scale
fluctuating velocity acts as a source for the generation of a large—scale flow. As the effect
of magnetic perturbations becomes important (or, going from 2D HD to 3D RMHD), the
amplitude of eddy viscosity becomes small due to cancellation of total stress, and the sign
of eddy viscosity can even become positive. If the eddy viscosity remains negative (as may
be the case with a magnetic forcing), a large-scale flow can still grow, but at a much slower
rate because of the smaller amplitude of the eddy viscosity. On the other hand, if the eddy
viscosity becomes positive (as in the case of a fluid forcing), a large-scale flow will decay.
Note again that in both cases, the generation of a large-scale flow is reduced due to Alfvén
waves. Although the full dynamics of the zonal flows in tokamaks cannot be addressed in the
framework of 3D RMHD, this result indicates the possibility of the cancellation of stresses
for Alfvén waves. If modulation of the total stress is the mechanism for the generation of
the zonal flows, our work suggests the reduction in the generation of zonal flows and even
the decay of zonal flows by the reversal of energy cascade direction. It will be interesting to
study this, by considering the modulational instability of a zonal flow in the presence of a

gas of Alfvén waves and drift waves. This will be undertaken in a future paper.
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APPENDIX A: PROPERTIES OF THE GABOR TRANSFORM

A few key properties of the Gabor transform are as follows. First, the derivative of the

Gabor transform can be shown to be
o ~ iku' + O(1/(kN)), (A1)

where ¢ = 1/(k)X) < 1 is a small parameter: ¢ < €* < 1. Secondly, the Gabor transform
of the product of a function varying over large scales (e.g. U and A) and a function varying

over small scales (e.g. u’ and b’) can be expressed to first order in e = [/L:

U (k,x,t) = /f(x — x)e™ YL (X, ' (%, 1) dx'.

~ Uj(x, )0 + iV, (Uj(x,1)) Vi, 0’ + O(€%), (A2)

where we used a Taylor expansion of U around the point x to first order in € and an
integration by parts. The Taylor expansion converges rapidly since the kernel f varies
over scales of the order )\, while U varies over scales of the order L. Thirdly, the inverse
transform of the Gabor transform is just an integration over all wavenumbers with a proper

normalization factor:

P(x,t) = m /d3k (x,k,t). (A3)

Finally, the Gabor transform commutes with time derivative d;. It also commutes with space
derivative V if a quantity of interest vanishes on the boundaries; otherwise, the commutation
is subject to surface terms which are negligible if the region of interest is farther from the

boundaries than the distance .
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APPENDIX B: DERIVATION OF EQS. (11)—(12)

In this Appendix, we provide intermediate steps leading to Egs. (11)—(12). First, to solve

coupled equations (8)—(9), we introduce a variable

rR="2

- = k+Qt
i po/ +

where k = kg is used. Note that Dg = (Dt/DR)D; = D;/2 and R > 0 for t > |po/k|/S2.

Then, Egs. (8)—(9) can be rewritten in terms of R as

1 -
Dre = i— k(1 + R?)a + o (B1)
. Bop w
Dni =6 4 e (B2)
Here P is related to P as
. R\ -
PEexp{—f (R—i— ?> }P, (B3)

for P = w, a, and F; u = ¢?/k®>. We note that the above equations becomes identical to
those in Ref. 5 when p = 1. jFrom Egs. (B1)-(B2), we can form a single equation for a as

follows:

-
B0 (B4)

D[(1+ B*)Dral +9*(1 + R*)a = - F ,

where v = [¢By/9|. In terms of § = tan™! R, the above equation can be simplified somewhat

to
__iBop 5 -
[Dgg — Qla = 2y S OF, (B5)
where Q = —7?sec*. We now provide a WKB solution to the above equation when

v(1+ R?) > 1. This condition is satisfied for all R when v > 1. To solve the inhomogeneous
equation (B5) in the WKB approximation, we first construct a Green’s function from WKB

solutions to the homogeneous equation that are correct to third order in 1/7:

in 260/2 4
dwcosﬁexp{ii’y [tanﬁ—e—i_sm b/ ]—i—COS 0},

42 42
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as

cos f cos &
v (1 — cos* @' /22

1
G0,0") =060 -0 sin g exp § —=[cos* @ — cos* 0'] ;. (B6)
) dy?

Here ¢ = y(tanf — tan@') — [# — 0' + (sin 20 — sin 26')/2]/4~, and O(z) is a step function.
We have assumed ¢ = Dga =@ =0 at R = Ry (or t = 0). Then, the WKB solution to Eq.
(B5), in terms of R, is

11 R dR")(R)

a(R, Ry) = OV R e iR {¢(R; R)} exp {X(R; R')}
1By =
x | (R) + Drl(1+ R?) Fu(R)]] (B7)
where
1
)= [ 272 1—|—R'2) ] ’
N _ N L 1 R R K
o(R;R)y=~vR—-R') — yo tan "~ R — R+1+R2 Tr 2|
N (bt 1
(R R) 47 [(1+R2)2 (1+R’2)2 :

The solution for a(x,k,t) can now be expressed in terms of k, p = kR = k(R + Qt) and ¢

to obtain Eq. (11) in the main text.

Next, by using @, = —i@/k(1+ R?) and Eq. (B2), the solution for 4, can be constructed

in a similar way, resulting in Eq. (12) in the main text.
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