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tThe physi
al pro
esses 
ausing the turbulent dissipation and mixing of mo-mentum and magneti
 �elds in the solar ta
ho
line are dis
ussed in the
ontext of a simple model of 2D MHD turbulen
e on a �-plane. The meanturbulent resistivity and vis
osity for this model are 
al
ulated. Spe
ialattention is given to the enhan
ed dynami
al memory indu
ed by smalls
ale magneti
 �elds and to the e�e
ts of magneti
 
u
tuations on nonlin-ear energy transfer. The analogue of the Rhines s
ale for �-plane MHD isidenti�ed. The impli
ations of the results for models of the solar ta
ho
linestru
ture are dis
ussed. 9.1 Introdu
tionThe ta
ho
line is a thin, stably strati�ed layer of the solar interior situatedin the radiative zone, immediately below the 
onve
tion zone (Mies
h 2005;Tobias 2005). This layer 
onne
ts the latitudinal di�erential rotation of thesolar 
onve
tion zone to the expe
ted solid body rotation of the solar in-terior (S
hou et al. 1998; see also Chapter 3 by Christensen-Dalsgaard &Thompson). Thus, 
ows in the ta
ho
line are sheared (both poloidally andradially) with the predominant stru
ture being that of a radially shearedtoroidal 
ow. The strati�
ation of the ta
ho
line is strongly stable (withRi
hardson number Ri� 1), and the magneti
 �eld strength is signi�
ant,though magneti
 pressure is still mu
h smaller than thermal pressure, 
on-sistent with hydrostati
 equilibrium, i.e. B2=8� � p.In addition to its intrinsi
 interest, the ta
ho
line has re
eived 
onsider-able attention re
ently on a

ount of its pivotal role in the proposed interfa
edynamo of the Sun (Parker 1993; see also Chapter 13 by Tobias & Weiss).Interest in the interfa
e dynamo has been sparked by the many fundamental1
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ently raised 
on
erning the mean �eld �! theory of the solardynamo and its traditional 
onstituents, the alpha (�) and turbulent di�u-sivity (�T ) e�e
ts.y In this regard, possible quen
hing of �T and � in inverseproportion to the produ
t of magneti
 Reynolds number (Rm) and meanmagneti
 �eld intensity (B20), (i.e. � (1+RmB20)�1), is a parti
ularly strongmotivation to 
onsider alternative dynamo s
enarios (Cattaneo & Vainshtein1991; Gruzinov & Diamond 1994; Diamond, Hughes & Kim 2005a). Theinterfa
e dynamo 
on
ept proposes an es
ape from quen
hing by separatingthe lo
ation of 
y
loni
 turbulen
e (whi
h drives the �-e�e
t) from the siteof shearing (!-e�e
t) and the 
onsequent strong magneti
 �eld build-up. Inthe interfa
e dynamo, weak poloidal �elds are ampli�ed by � in the 
onve
-tion zone, then transported to the ta
ho
line by either turbulent di�usionor entrainment by 
onve
tively overshooting plumes (a pro
ess referred toas `magneti
 
ux pumping'; Tobias et al. 2001). On
e in the ta
ho
line, themagneti
 �eld is ampli�ed by 
ow shearing to form strong toroidal loops.A 
artoon of the interfa
e dynamo s
enario is shown in Figure 9.1. Thetoroidal �eld remains stored below the 
onve
tion zone, until it erupts up-ward into the 
onve
tion zone, and eventually into the solar atmosphere(Parker 1966; Hughes 1991). Also, the nature of �eld ampli�
ation in theinterfa
e dynamo is su
h that the overall sensitivity to the value of � is re-du
ed. In the interfa
e s
enario � is required only to 
onvert toroidal �eld topoloidal, while toroidal �eld is a
tually ampli�ed by ta
ho
line shear. Thisstate brings to mind the familiar 
ontrast between �2 and �! dynamos. In�2 dynamos, the �eld growth rate 
 � � while for �! dynamos 
 � p�
with the redu
ed sensitivity to � evident. Given the many attra
tive fea-tures of the interfa
e dynamo, it is no stret
h to say that understanding theta
ho
line is an important prerequisite for a theory of the solar dynamo,solar 
y
le, et
.Perhaps the most basi
 and important questions 
on
erning the ta
ho
lineare:(i) why does it exist?(ii) where is it lo
ated and why is it so sharply lo
alized?Regarding existen
e, the ta
ho
line is formed by the penetration of a shearinto the stably strati�ed radiation zone. This pro
ess of sheared 
ow pene-tration is ultimately driven by solar spin-down, i.e. the loss of angular mo-mentum from the Sun on a

ount of its 
oupling to the outgoing, rotating,solar wind (Bretherton & Spiegel 1968; Spiegel & Zahn 1992). Spin-down iny Note that the latter is often denoted by �. To avoid 
onfusion in this 
hapter we use �T .
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Fig. 9.1. A s
hemati
 of the interfa
e dynamo 
y
le, whi
h operates near the bound-ary of the 
onve
tion and radiation zones. In this 
artoon the ta
ho
line sits justbelow the 
onve
tion zone. Magneti
 �eld is ampli�ed by an �-e�e
t in the 
on-ve
tion zone, `pumped' into the ta
ho
line by 
onve
tive overshoot, ampli�ed byshearing in the ta
ho
line, and returned to the 
onve
tion zone by magneti
 buoy-an
y.turn generates meridional 
ir
ulation 
ells, whi
h drive the inward penetra-tion of shear. Alternatively put, approximate thermal wind balan
e tightlylinks radiative heat transport-driven baro
lini
 torques to the verti
al vari-ation of the 
entrifugal for
e (Mestel 1999). Any small deviation from exa
tthermal wind balan
e ne
essarily implies meridional 
ir
ulation, whi
h mustexist to balan
e the torque budget. Thus, it may be said that meridional
ells are spawned by the 
ompetition between strati�
ation (N2) and rota-tion (
2), in the sense that these two e�e
ts dire
tly 
ompete against oneanother in the thermal wind balan
e. This pro
ess of meridional 
ow-driven`burrowing' is sometimes referred to as gyros
opi
 pumping (M
Intyre 2000,2003), and is 
losely related to the well-known me
hanism of the Eddington-Sweet 
ir
ulation in 
onve
tively stable stellar interiors (Eddington 1926;Sweet 1950). Indeed, the basi
 time s
ale of ta
ho
line penetration is theEddington-Sweet time s
ale �ES = (N=2
)2r20=�, where r0 is the radius ofthe ta
ho
line boundary, � is the thermal di�usivity, N is the Brunt-V�ais�al�afrequen
y and 
 is the rotation frequen
y.
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ond question above, i.e. what limits or lo
alizes the ta
ho
line, isthe more 
hallenging one, by far. Radial mixing is ine�e
tive, on a

ountof the severe limitation imposed on it by the strong stable strati�
ationin the solar radiation zone. It would just slightly enhan
e the Eddington-Sweet penetration rate, so making little or no di�eren
e in the out
ome ofthat theory. Thus, one must turn to turbulent vis
ous mixing, as in theSpiegel-Zahn (S.-Z.) s
enario (Spiegel & Zahn 1992), in whi
h ta
ho
lineburrowing is balan
ed by `horizontal' turbulent momentum transport, or tomagneti
 �eld e�e
ts, as in the Gough-M
Intyre (G.-M
I.) s
enario (Gough& M
Intyre 1998). In the latter s
enario, ta
ho
line penetration is opposedby a hypotheti
al fossil dipolar magneti
 �eld in the solar radiation zone.The fossil dipole �eld is separated from the ta
ho
line and 
onve
tion zoneby a magneti
 separatrix or `ta
hopause', at whi
h nonlinear dissipativeMHD pro
esses (i.e. magneti
 re
onne
tion) are both 
ru
ially importantand ex
ru
iatingly diÆ
ult to 
al
ulate. One key element in determiningthe ta
ho
line thi
kness a

ording to the G.-M
I. model is the balan
e ofshearing of poloidal �elds with resistive dissipation of toroidal magneti
�elds. This magneti
 dissipation 
an be either resistive (i.e. related to radialdi�usion, as a
tually assumed by G.-M
I.) or turbulent, and so related topoloidal transport and mixing of magneti
 �elds. Thus, it is interesting tonote that in both ta
ho
line formation s
enarios (i.e. S.-Z. and G.-M
I.),turbulent transport and dissipation play 
entral roles. Finally, we note herethat other ta
ho
line models exist but are beyond the s
ope of this dis
ussion(see Chapter 7 in this volume by Garaud). For an alternative magneti
model see R�udiger & Kit
hatinov (1977).Ta
ho
line turbulen
e is quasi-geostrophi
 turbulen
e in a spheri
al shell,and is ex
ited primarily by for
ing due to 
onve
tive overshoot. The for
-ing may also be thought of as a surrogate for the input of energy to smallers
ales as a result of large s
ale instability. As we argue below, ta
ho
line tur-bulen
e almost 
ertainly has a strong magneti
 
omponent and thus shouldbe thought of as quasi-geostrophi
 MHD turbulen
e, the simplest in
arna-tion of whi
h is �-plane MHD turbulen
e. Here, we 
onsider the �-planemodel, rather than a spheri
al surfa
e or spheri
al shell model, for reasons ofsimpli
ity. Predi
tive understanding of turbulent transport and dissipationof both momentum (
losely related to vorti
ity in 2D) and magneti
 �eldsin �-plane MHD turbulen
e is ne
essary in order to 
onstru
t ta
ho
lineformation models. Su
h turbulent transport provides the key element ofdissipation, whi
h limits or o�sets the meridional 
ell-driven `burrowing'(M
Intyre 2003). This paper dis
usses the physi
s of transport and dissi-
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 �eld transport are
onsidered.There are at least three spe
i�
 reasons why understanding �-plane MHDturbulen
e is an interesting and 
hallenging task. These are:(i) the simultaneous presen
e and 
oexisten
e of eddies, Rossby wavesand Alfv�en waves at di�erent s
ales;(ii) the freezing of magneti
 potential and �eld into the 
uid at highmagneti
 Reynolds number Rm. `Freezing in' has been shown toseverely limit turbulent di�usion of magneti
 �elds in 2D;(iii) the tenden
y of even 2D turbulen
e to stret
h magneti
 �elds andthus to `Alfv�enize' the turbulen
e, produ
ing a high intensity spe
-trum of small s
ale magneti
 �elds. Also, in 2D MHD, energy forward
as
ades, rather than inverse 
as
ades as in a 2D 
uid, on
e the mag-neti
 �eld intensity ex
eeds a weak minimal level (Krai
hnan 1965;Pouquet 1978).These three observations in turn suggest that:(i) as in the 
ase of ordinary geostrophi
 turbulen
e, a s
ale emergesin �-plane MHD turbulen
e whi
h demarks the boundary betweenan `eddy turbulen
e' range of s
ales and a `wave turbulen
e' range.We shall show that in �-plane MHD, this analogue of the well-knownRhines s
ale (Rhines 1975) 
an be Rm dependent;(ii) for s
ales ` < `RM , where `RM is the �-plane MHD `Rhines s
ale', thedynami
s is essentially that of 2D MHD turbulen
e. So, turbulen
etends to `Alfv�enize', thus enhan
ing memory and quen
hing turbulentdi�usion and dissipation of both momentum and �eld. Moreover,energy forward 
as
ades, even in 2D MHD;(iii) for s
ales ` > `RM , the dynami
s is that of a gas of Rossby waves.In parti
ular, turbulent transport is 
ontrolled by wave intera
tion,so the simpli�ed 
onventional wisdom about 2D MHD turbulen
e isnot appli
able.The upshot of all this is that the a
tual dynami
s of turbulent mixing ofmomentum and magneti
 �eld in the ta
ho
line is quite un
lear, and thathorizontal turbulent vis
osity (�h) and resistivity (�h) are either quen
hed orsigni�
antly redu
ed! This dis
ussion indi
ates the need to seriously 
onsiderthe mi
ro-physi
s of turbulent transport in the ta
ho
line environment when
onstru
ting models of ta
ho
line formation.The remainder of this paper is organized as follows. Se
tion 9.2 introdu
esthe model and dis
usses some basi
 aspe
ts of �-plane MHD, in
luding the



6 P. H. Diamond, S.-I. Itoh, K. Itoh & L. J. SilversTable 9.1. Elements of Ta
ho
line Formation S
enariosElement Spiegel-Zahn Model Gough-M
Intyre ModelDrive of Ta
ho
line Spin Down, Meridional Spin Down, MeridionalFormation Cir
ulation Cells Cir
ulation CellsTa
ho
line Horizontal Vis
osity Fossil Poloidal Magneti
Limiter and Momentum Mixing Field in Radiative CoreTurbulent Turbulent vis
osity in Turbulent resistivity inDissipation quasi-geostrophi
 
uid quasi-geostrophi
 2D MHDMe
hanism or MHDCriti
al �hr2hv vs. `burrowing' ��2r + �h�2h vs. shearingBalan
e of ta
ho
line of Bp into B�Criti
al Issues 1) 
as
ade dire
tion 1) turbulent resistivity,in Turbulen
e 2) Rhines s
ale in quen
hing of �T inPhysi
s �-plane MHD �-plane MHD3) Momentum Transport 2) hA2i spe
traltransport dire
tionimportant Zeldovi
h theorem. The e�e
tive Rhines s
ale for �-plane MHDis dis
ussed in x9.3. In parti
ular, we show that in �-plane MHD at highRm, the e�e
tive Rhines s
ales `RM in
reases with Rm. Spe
tral transferand turbulent dissipation are dis
ussed in x9.4. The eddy and Alfv�en waveforward 
as
ade range at s
ales ` < `RM and the Rossby wave dominatedrange at ` > `RM are dealt with separately. We show that for ` < `RM , both�h and �h are signi�
antly redu
ed by the e�e
ts of small s
ale magneti
�elds. We also dis
uss the e�e
ts of Rossby wave intera
tions on turbulenttransport at larger s
ales. Se
tion 9.5 dis
usses the impli
ations of theseresults for the ta
ho
line stru
ture formation s
enarios.9.2 Some Basi
 Aspe
ts of 2D MHD Turbulen
e on a �-PlaneThough virtually all previous studies of turbulen
e and turbulent transportin the ta
ho
line have been in the 
ontext of neutral 
uid models, ta
ho
lineturbulen
e is very likely MHD turbulen
e, or turbulen
e with a substantialmagneti
 
omponent. This assumption is natural, given the strong toroidalmagneti
 �eld of the ta
ho
line and the presen
e of magneti
 �eld sour
esboth above and below the ta
ho
line. Spe
i�
ally, the ta
ho
line magneti
�eld is fueled from above by overshooting plumes, whi
h originate in the 
on-ve
tion zone and whi
h entrain 
onve
tion zone magneti
 �elds while they
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line 7fall into the stably strati�ed ta
ho
line below the 
onve
tion zone. Likewise,small elements or loops of the fossil �eld thought to reside in the solar ra-diation zone (as in the G.-M
I. s
enario) may enter the ta
ho
line followingre
onne
tion events, whi
h o

ur at the ta
hopause, and whi
h thus fuel theta
ho
line magneti
 �eld from below. Thus, the readily available sour
es ofmagneti
 �eld as well as the stable strati�
ation and apparent minute thi
k-ness of the layer suggest that turbulen
e in the ta
ho
line is `shellular' MHDturbulen
e, whi
h is two-dimensional in 
hara
ter. Here we make the sim-plest of approximations and negle
t the thi
kness of the shell, thus taking thedynami
s to be 2D. Sin
e shellular turbulen
e in a layer of �nite thi
kness
an exhibit 
omplex verti
al 
ouplings (as in multi-layer models; Pedlosky1987), further simpli�
ation is desirable. Thus, we fo
us on the absolutelyminimal model of su
h shellular MHD turbulen
e, namely two dimensionalMHD turbulen
e on a �-plane (Bra

o et al. 1998). This system in
ludes
onstituents of both geostrophi
 turbulen
e (i.e. Rossby waves, vorti
es) and2D MHD turbulen
e (i.e. Alfv�en waves et
). Despite the simpli
ity of thisminimalist model, developing a theory of �-plane MHD turbulen
e is stilluseful for ta
ho
line modeling, sin
e su
h a theory 
an 
onstrain and elu
i-date the physi
s of the turbulent transport and dissipation 
oeÆ
ients (i.e.turbulent vis
osity and resistivity) whi
h (partially) determine the stru
tureand the thi
kness of the ta
ho
line in either the S.-Z. or the G.-M
I. s
e-nario. In parti
ular, both horizontal turbulent vis
osity �h and horizontalturbulent resistivity �h are set by �-plane MHD turbulen
e. The former is
entral to the S.-Z. s
enario, as dis
ussed earlier. Horizontal resistivity isimportant to the G.-M
I. s
enario sin
e, in this model, shearing of poloidal,radiation-zone magneti
 �elds is presumed to be balan
ed by resistive dissi-pation of the toroidal, ta
ho
line �eld. Up until now, only Ohmi
, verti
aldi�usion of magneti
 �elds has been 
onsidered by Gough & M
Intyre. Tur-bulent horizontal di�usion is also possible and is, very likely, a stronger e�e
t(i.e. �Bo sin �� �
=�� � (��2r + �T�2h)B�, with �T dominant).The model of �-plane MHD turbulen
e that we employ is simply 2D MHDwith the � e�e
t added to the vorti
ity equation. Using B = rA � bz andV = r � bz, the governing equations 
an be written as:�tr2 +r � bz � rr2 + ��x = rA� bz � rr2A+ �r2r2 + ef; (9.1)�tA+r � bz � rA = �r2A+ffa: (9.2)In this model the magneti
 
ux fun
tion is of the formA = B0y + eA; (9.3)
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ase in �-plane models, � 
orresponds to the horizontal gradientof the Coriolis parameter, i.e. � = (2
=r0) 
os �0, where r0 is the radius ofthe shell, 
 is the rotation rate and �0 is the latitude at whi
h the �-planeis tangent to the spheri
al surfa
e.In this work, bx 
orresponds to the azimuthal dire
tion, and is the dire
tionof the mean toroidal �eld; by 
orresponds to the polar dire
tion and bz to theradial dire
tion, in whi
h the system is stably strati�ed. Thus, Rossby wavespropagate in the �bx dire
tion, i.e. westward, along B0. For simpli
ity wetake B0 to be uniform. Note that in the unfor
ed ( ef ! 0; efa ! 0), invis
id,ideal limit (i.e. �, � ! 0), �-plane MHD 
onserves:(i) total energy, E = h(r )2 + (rA)2i=2;(ii) total A-squared, H = hA2i;(iii) total 
ross heli
ity, H
 = hr � rAi.Of 
ourse, in
lusion of the Lorentz for
e breaks enstrophy 
onservation,so two dimensional MHD dynami
s is quite di�erent from that of two-dimensional hydrodynami
s.It is interesting to note that even a straightforward linearization of equa-tions (9.1, 9.2) reveals 
ertain fundamental trends in the system. Assumingplane wave solutions and negle
ting for
ing and dissipation gives the disper-sion relation !2 + !Rk! � !2Ak = 0; (9.5)where !Rk = ��kxk2 ; (9.6)is the Rossby wave frequen
y, and!Ak = kxVA0; (9.7)is the Alfv�en wave frequen
y. In �-plane MHD, these two wave bran
hesare 
oupled. Hen
e, we note that for k2 < �=VA0 (i.e. !Ak < !Rk), theRossby wave 
hara
ter is dominant, while for k2 > �=VA0 (i.e. !Rk < !Ak)the Alfv�eni
 
hara
ter dominates. Thus, the wavenumber kLR = (�=VA0)1=2de�nes a s
ale whi
h demarks the boundary between Alfv�eni
 and Rossbydominated ranges. For k < kLR, the wave spe
trum may be thought of asa gas or ensemble of strongly dispersive Rossby waves, while for k > kLR,the waves are Alfv�en waves. It is well known that even in two dimensions,
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ho
line 9Alfv�en wave turbulen
e supports a forward, rather than inverse 
as
ade, so`negative vis
osity phenomena', su
h as zonal 
ow formation, must o

ur ons
ales ` > `LR, and are thus likely driven by Rossby wave intera
tion, ratherthan by turbulen
e. Note that `LR 
onstitutes a s
ale whi
h is somewhatreminis
ent of the Rhines s
ale, familiar from dis
ussions of geostrophi
turbulen
e, and so is 
alled the `linearized Rhines s
ale' `LR here.At this point, the 
riti
al reader is no doubt motivated to ask: Sin
eB0 
ips every 11 years while ta
ho
line formation pro
eeds over 106 years,why doesn't B0 simply `average out' on dynami
ally interesting time s
ales,allowing us to ignore B0 in 
onsideration of the formation of the ta
ho
line?This sentiment was more eloquently espoused in the 1998 paper by Gough& M
Intyre, who suggested that:`Any �eld from a putative dynamo in the 
onve
tion zone 
ould be \dredged" intothe ta
ho
line by the meridional 
ow and thereby in
uen
e the dynami
s, but itseems unlikely that the rapidly os
illating �eld asso
iated with the solar 
y
le would
ontribute signi�
antly to the dynami
s in the radiative zone, parti
ularly in viewof the 106 year ta
ho
line ventilation time �v .'Here we argue that while this time s
ale separation may justify ignoringthe e�e
ts of B0, it does not justify the negle
t of MHD e�e
ts! The reasonis simple - in high Rm 2D MHD turbulen
e, h eB2i � hBi2, so mean squaremagneti
 
u
tuation levels in the system are large, even if the mean �eld isweak. This is a dire
t 
onsequen
e of the Zeldovi
h theorem for 2D MHD,whi
h is dire
tly appli
able to �-plane MHD (Zeldovi
h 1957; Diamond etal. 2005a; Tobias 2005). Below, we dis
uss the Zeldovi
h theorem and itsimpli
ations.It is now well known that in 2D high Rm MHD turbulen
e, the magneti

u
tuation intensity usually ex
eeds the mean �eld intensity by a large fa
-tor. This is a 
onsequen
e of the stret
hing of magneti
 �elds by turbulen
e,and is en
apsulated by the Zeldovi
h theorem, whi
h follows from the 
on-servation (up to resistive di�usion) of magneti
 potential along 
uid traje
-tories in 2D in
ompressible 
ow. Here we generalize the Zeldovi
h theoremto a

ount for dire
t for
ing of the magneti
 potential. Note that the pres-en
e or absen
e of � has no expli
it impa
t upon the hA2i budget. Thoughwe usually do not think of the magneti
 �eld as being stirred, su
h for
ingis quite relevant to ta
ho
line physi
s, sin
e overshooting plumes naturallyentrain 
onve
tion zone magneti
 �elds while they plunge into the ta
ho
linefrom above. During the 
ourse of this dis
ussion, we also address and 
larifysome basi
 aspe
ts of the Zeldovi
h theorem.In 2D in
ompressible �-plane MHD, the magneti
 potential 
u
tuation



10 P. H. Diamond, S.-I. Itoh, K. Itoh & L. J. Silverssatis�es � eA�t +r � bz � r eA = � eVyhBi+ �r2 eA+ efa; (9.8)where we have assumed hAi = hA(y)i. Here hBi is the mean �eld andeVy = ��x . Multiplying by eA, taking the 
u
tuation 
orrelation lengthto be smaller than the s
ale of hBi variation, and integrating over spa
e(denoted by h i) we �nd�h eA2i�t + hr �V eA2i = 2�� h eVy eAihBi+ �h eAr2 eAi+ h eA efai�: (9.9)For stationary, homogeneous systems with periodi
 boundary 
onditions andno out
ow (i.e. keep in mind that a spheri
al surfa
e 
onstitutes a 
losedsystem!), the LHS of equation (9.9) vanishes. Integrating on
e by parts onthe RHS then gives the relation:h eB2i = �h eVy eAihBi+ h eA efai� : (9.10)Note that either inhomogeneity or an in/out 
ow of magneti
 potential 
ansigni�
antly alter the balan
e expressed by equation (9.10). Finally, writingh eVy eAi in the form of a Fi
k's law (i.e. h bVy eAi = ��T�hAi=�y = ��T hBi,where �T is a turbulent resistivity) and noting d eA=dt = efa on inertial s
alesyields h eB2i = �T hBi2 + h ef2a i�a� : (9.11)Here �a is the auto-
orrelation time of the (random) magneti
 stirring for
eefa.Equation (9.11) extends the usual Zeldovi
h theorem balan
e (h eB2i =(�T =�)hBi2) to in
lude the additional e�e
t of random stirring of A. Notethat writing hBi2 = (�hAi=�y)2 in equation (9.11) suggests that the totalmagneti
 
u
tuation intensity is fed by both:(i) turbulent mixing of gradients in hAi by ambient MHD turbulen
e, asparameterized by �T (�hAi=�y)2;(ii) external stirring by overshoot, as parameterized by h ef2a i�a.These two sto
hasti
 pro
esses are independent, so their 
ontributions toh eB2i are additive. As �T � �, equation (9.11) 
on�rms that h eB2i � hBi2,even in the absen
e of dire
t stirring of eA. Stri
tly speaking, the Zeldovi
h
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ho
line 11theorem balan
e may be written ash eB2ihBi2 = Nu;m + h ef2a i�a� ; (9.12)where Nu;m is the `magneti
 Nusselt number', �T =�, and �a is the for
ing
orrelation time. In pra
ti
e, for 2D MHD, Nu;m exhibits a strong s
alingwith magneti
 Reynolds number Rm, 
onsistent with both numeri
al 
al
u-lations and theoreti
al expe
tations (Cattaneo & Vainshtein 1991; Diamondet al. 2005a). Note that while �T is quen
hed, relative to kinemati
 basedexpe
tations, it still greatly ex
eeds the 
ollisional resistivity � and so �Tquen
hing is indeed 
ompatible with h eBi2 � B20 .Frequently, Nu;m � Rm, though the universality of this putative s
alingrequires further study and do
umentation. However, it seems indisputablethat in the turbulent ta
ho
line, the �-plane MHD turbulen
e has Rm� 1and so h eB2i � hBi2. Thus, the magneti
 
u
tuations and turbulen
e dom-inate the mean magneti
 �eld, rendering the rapid reversals (on ta
ho
lineformation time s
ales) of the mean �eld dire
tion a moot point. More su
-
in
tly put, while hBi may `average out' over long time s
ales on a

ountof frequent reversals, h eB2i will most 
ertainly persist, albeit in di�erent re-alizations, and in fa
t be the dominant repository of magneti
 energy. Of
ourse, eB has no systemati
 dire
tionality. Hen
e, one should think of theta
ho
line as magnetized by layers of thin, quasi-2D sto
hasti
 magneti
 net-works (i.e. see Figure 9.2), whi
h support the propagation of Alfv�en wavesand so `elasti
ize' the ta
ho
line layer.9.3 The Rhines S
ale for MHD Turbulen
e on a �-PlaneA key element in our mental pi
ture of hydrodynami
 turbulen
e on a �-plane is the Rhines s
ale, whi
h is of signi�
an
e be
ause it demarks theboundary between small s
ale 2D turbulen
e, 
omprised of eddies and vor-ti
es et
. and larger s
ale Rossby wave turbulen
e. The physi
s of the Rhiness
ale is explained heuristi
ally below. We then pro
eed to dis
uss the mod-i�
ations of the Rhines s
ale introdu
ed by 
oupling to sto
hasti
 magneti
�elds in 2D MHD on the �-plane. We espe
ially fo
us on possible Rm de-penden
e of the Rhines s
ale and on its role in separating the region offorward MHD energy 
as
ade from that of transfer of Rossby wave energyby nonlinear wave intera
tion.In brief, the Rhines s
ale of quasi-geostrophi
 turbulen
e (Rhines 1975;Diamond et al. 2005b) is based on two fa
ts, whi
h are:
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Fig. 9.2. A sket
h of turbulent magneti
 �eld stru
ture in the ta
ho
line. Themagneti
 �eld is sto
hasti
 but organized into thin, quasi-2D layers or shells, ona

ount of the strong, stable strati�
ation. The mean magneti
 �eld (not shownhere) is primarily in the bx dire
tion.(i) ea
h k or s
ale is 
hara
terized by a real frequen
y !k and a self-de
orrelation rate �!k. Here �!�1k may be thought of as an ef-fe
tive self-
oheren
e time for the 
u
tuation with waveve
tor k.In geostrophi
 turbulen
e, the real frequen
y is approximately theRossby wave frequen
y !k �= !Rk = ��kx=k2;(ii) at long wavelengths, Rossby waves are strongly dispersive, so it isextremely diÆ
ult to satisfy the three wave resonan
e 
ondition forenergy transfer unless either:(a) one member of the triad has kx = 0 and so is a zonal 
ow,(b) �!k > !k, so turbulen
e intera
tion e�e
tively smears outwave resonan
e.Thus, the s
ale at whi
h !k = �!k naturally forms a boundary or divid-ing line between ranges of s
ales in whi
h the nonlinear energy transfer is
ontrolled by turbulent inverse 
as
ade and resonant wave-wave intera
tion.This s
ale is referred to as the Rhines s
ale. Sin
e for (strongly dispersive)Rossby waves, resonant wave intera
tion o

urs only via s
attering o� anazimuthally symmetri
 zonal 
ow mode, the Rhines s
ale also sets the 
har-a
teristi
 width of zonal 
ows. On dimensional grounds, the Rhines s
ale isusually estimated by taking �!k � k eV , so!k � k eV ; (9.13)
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e and Dissipation in the Solar Ta
ho
line 13implies that the Rhines wave number kR is given byk2R = �eV ; (9.14)and so the Rhines s
ale `R � ( eV =�)1=2. Here eV is a `typi
al' eddy velo
ity,so `R exhibits some sensitivity to the stru
ture of the spe
trum. Moreover,
on
erns about Galilean invarian
e have motivated re
onsideration of thede�nition of `R in terms of the lo
al eddy strain rate (Vallis & Maltrud1993). The resulting departures from the simple result of equation (9.14)are, however, quite small (Nozawa & Yoden 1997). Thus, the Rhines s
ale `Ris well established as a useful 
on
ept in, and as an element of, des
riptionsof geostrophi
 turbulen
e.In 2D �-plane MHD at large Rm, h eB2i � RmhBi2 (i.e. for simpli
ity wenow take Nu;m � Rm) so the de
orrelation rate �!k is simply k eVA, whereeV 2A = h eB2i=4��0 � RmV 2A0 . Here eVA may be thought of as an e�e
tiveAlfv�en or elasti
 velo
ity for propagation in the network of sto
hasti
 smalls
ale �elds. Su
h sto
hasti
 �elds are the prin
ipal agents of de
orrelationhere. Note that sin
e the magneti
 �eld allows large s
ales to damp smalls
ales by Alfv�eni
 
oupling, 
on
erns pertaining to Galilean invarian
e of theturbulen
e theory are moot in MHD (Mo�att 1978). Then, sin
e eVA � VA0 ,the e�e
tive boundary between turbulen
e and Rossby wave ranges in �-plane MHD is given by �kxk2 �= k eVA; (9.15)so the MHD Rhines wave number kRM is given byk2RM �= �eVA ; (9.16)and the e�e
tive Rhines s
ale for �-plane MHD is just `RM � ( eVA=�)1=2.As we will see, `RM is an important s
ale for the dynami
s of �-plane MHDturbulen
e.Several 
omments are appropriate here. First, note that `RM is similarto `LR from x9.2, the di�eren
e being that `RM � ( eVA=�)1=2 while `LR �(VA0=�)1=2, so `RM=`LR>�Rm1=4. This on
e again reminds us that 
ouplingto the sto
hasti
 small s
ale magneti
 �eld eB is mu
h stronger than the
oupling to the mean �eld hBi, so the dynami
ally dominant Alfv�en wavepropagation is along the sto
hasti
 �eld. This appears in the theory asa de
orrelation rate, rather than as a wave frequen
y, on a

ount of thesto
hasti
ity of eB. Se
ond, note that `RM is manifestly Rm dependent, and� Rm1=4 for the usual s
aling of �T =� � Rm. Thus, the range of MHD
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Fig. 9.3. A 
artoon 
ontrasting the energy 
ow in 2D hydrodynami
 turbulen
e ona �-plane with that for 2D MHD turbulen
e on a �-plane. A large s
ale sto
hasti
magneti
 �eld lies in the plane.turbulen
e (i.e. all s
ales ` su
h that `d < ` < `RM ) in
reases with Rm.Third, it is very important to keep in mind that the presen
e of magneti
�elds breaks enstrophy 
onservation, so that MHD turbulen
e 
as
ades tosmall s
ales, even in 2D! In the 
ase where the 
hara
teristi
 for
ing s
ale`f < `RM , energy will forward 
as
ade to small s
ale dissipation, while (non-s
ale-invariant) sto
hasti
 ba
ks
atter will gradually �ll in `f < ` < `RM .For `f > `RM , energy will be transferred forward, though wave intera
tionswill play a role. See Figures 9.3{9.5 for pertinent diagrams. Thus, anyenergy rea
hing `RM will eventually be 
oupled to small s
ale dissipation.No inverse 
as
ade of energy o

urs. Thus, unlike the 
orresponding 
asein geostrophi
 turbulen
e, there is no reason to expe
t zonal 
ow formationat `RM , as energy does not inverse 
as
ade toward `RM in turbulent �-plane MHD. Here, the e�e
tive Rhines s
ale `RM merely separates the rangeof forward 
as
ading MHD turbulen
e from the range dominated by waveintera
tion.To summarize this dis
ussion and to understand and gain some perspe
-tive on the role of the MHD Rhines s
ale `RM in �-plane MHD, it is usefulto systemati
ally 
ompare and 
ontrast the physi
s of the Rhines s
ale `Rfamiliar from neutral quasi-geostrophi
 turbulen
e with that of the MHDRhines s
ale `RM for �-plane MHD. Table 9.2 summarizes this 
omparison.In the 
ase of a neutral geostrophi
 
uid, the Rhines s
ale `R = ( eV =�)1=2
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l
R

l
f

forward 
enstrophy 
cascade 
range

inverse
energy cascade 
range

zonal
flows

l
dFig. 9.4. Cartoon of the energy spe
trum for geostrophi
 turbulen
e. Note that `de
reases to the right.

l
RM

l
f

energy 
back scatter

forward 
energy 
cascade 

wave
turbulence

l
dFig. 9.5. Cartoon of the energy spe
trum for �-plane MHD turbulen
e. Note that` de
reases to the rightseparates eddy intera
tion dominated (` < `R) and wave-zonal 
ow intera
-tion dominated ranges (` > `R). For �-plane MHD, the MHD Rhines s
ale`RM = ( eVA=�)1=2, where eV 2A = h eB2i=4��0, separates an MHD turbulen
erange (` < `RM ) 
omposed of eddies and Alfv�en waves from a range with` > `RM , whi
h is dominated by Rossby waves, with some zonal 
ows and�elds present too. In the 
ase of a geostrophi
 
uid, energy inverse 
as
adestoward `R from all smaller s
ales, i.e. ` < `R. The strong dispersion ofRossby waves then for
es further intera
tion to pro
eed primarily via wave-
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ales for HD and MHD �-planeTurbulen
e�-Plane HD �-Plane MHDRhines S
ale `R = (eV =�)1=2 `RM = (eVA=�)1=2eV 2A = h eB2i=4��0Flu
tuation ` < `R - eddies ` < `RM - Alfv�en waves, eddiesConstituents ` > `R - Rossby waves, ` > `RM - Rossby waves, zonalzonal 
ows 
ows, �eldsSpe
tral ` < `R ! INVERSE ` < `RM ! FORWARD MHDEnergy Flow 
as
ade toward `R 
as
ade` > `R ! transfer by wave - ` > `RM ! transfer by wave-wave,zonal 
ow intera
tion wave-zonal stru
ture intera
tionStru
ture strong zonal 
ows on ` � `R weak zonal 
ows and �elds onfed by inverse 
as
ade from s
ales ` > `RM fed by wave` < `R intera
tion from s
ales ` > `RMzonal 
ow s
attering, thus generating zonal 
ows of 
hara
teristi
 s
ale `R.In this 
ase, nearly all energy generated on s
ales with ` < `R is ultimatelyfed into large s
ale zonal 
ows. Thus, it is no surprise that zonal 
ows area prominent feature of su
h systems. In the 
ase of �-plane MHD, energyin the turbulent range on ` < `RM forward 
as
ades, toward small s
aledissipation. Energy 
ontained on s
ales ` > `RM parti
ipates in wave-waveand wave-zonal stru
ture (i.e. 
ow and �eld) intera
tion. Note that in the
ase of �-plane MHD, most of the energy generated on s
ales ` < `RM doesnot 
ow to large s
ales (` > `RM ). Su
h s
ales are fed only by (non-self-similar) sto
hasti
 ba
k-s
atter from smaller s
ales. Thus, we 
an expe
tzonal stru
tures to be signi�
antly less prominent features in �-plane MHDturbulen
e then in neutral geostrophi
 turbulen
e (Kim, Hahm & Diamond2001; Naulin et al. 2005).9.4 Spe
tral Transfer and Turbulent Dissipation in �-Plane MHDIn this se
tion, we examine the dynami
s of intera
tions, spe
tral transferand turbulent dissipation (�h and �h) in �-plane MHD. Su
h a study ne
-essarily builds upon existing understanding of 2D MHD and Rossby waveturbulen
e, both of whi
h have been extensively studied (Pouquet 1978;Horton 1999). This se
tion should be 
onstrued only as an introdu
tion tothis large and 
omplex subje
t, and thus should be viewed as a survey of
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line 17ta
ho
line-relevant issues in �-plane MHD. Some sele
ted topi
s are pursuedin depth here, but a 
omplete dis
ussion is far beyond the s
ope of this shortarti
le. Here, we shall dis
uss:(i) spe
tral transfer of h eA2ik and the turbulent di�usion of magneti
�elds;(ii) the turbulent transport of momentum and turbulent vis
osity;(iii) intera
tions of an ambient Rossby wave spe
trum with a large s
aleshear 
ow.Other aspe
ts of the problem are left for future publi
ations. Throughoutthis se
tion, we ignore any possible 
ross-
orrelation between 
uid and mag-neti
 for
ing (i.e. we take h ef efai = 0), so 
ross heli
ity may be zeroed abinitio. We emphasize, though, that this is only a 
rude approximation andthat the relative 
oheren
e of ef and efa is an important element of the physi
sof ta
ho
line turbulen
e whi
h should be 
onsidered 
arefully (Bra

o et al.1998).Turbulent magneti
 dissipation is best addressed by examining the spe
-tral dynami
s of h eA2i. The varian
e of the magneti
 potential evolves a
-
ording to��t h eA2i2 + hr � bz � r eA2i2 = ��h eB2i+ hBih eA�x i+ h eA efai; (9.17)or, equivalently, in k spa
e��t h eA2ik + Tk = 2��Tk��hAi�y �2 + h ef2a ik�ak � �h eB2ik�; (9.18)where the nonlinear transfer term Tk is:Tk = hr � bz � r eA2ik: (9.19)Note the terms on the RHS of equation (9.18) are pre
isely those whi
hdetermine the Zeldovi
h theorem relation. Hereafter we refer to the RHS ofequation (9.18) as Sk, the net sour
e for the time evolution of h eA2ik. TheZeldovi
h theorem, then, is merely a statement that Pk Sk = 0, so thatthere is a net balan
e of in
ow and out
ow of h eA2i.We now 
al
ulate Tk via 
losure theory (Orszag 1970; Yoshizawa, Itoh &Itoh 2003). Before pro
eeding to grind the 
rank, some general 
ommentson h eA2ik transfer are in order. It is well known that in 2D MHD, magneti
potential iso
ontours:(i) tend to be `
hopped up' by the turbulent 
ow until rea
hing small
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ale dissipation, or until Lorentz for
e ba
k-rea
tion be
omes signif-i
ant;(ii) tend to 
oales
e and aggregate on large s
ales, on a

ount of themutual attra
tion of like-signed 
urrent �laments.The 
ompetition between these two pro
esses determines the net e�e
tivemagneti
 dissipation. Sin
e `
hopping up' tends to win if h eV 2i � h eB2iwhile 
oales
en
e tends to win if h eB2i � h eV 2i, the net turbulent magneti
dissipation tends to s
ale as�T � (h eV 2i � h eV 2Ai)�
; (9.20)where �
 is a 
orrelation time. Su
h a form for �T has indeed been re
overedfrom the results of renormalized 
losure theory (Pouquet 1978). Subsequentuse of the Zeldovi
h theorem balan
e then gives the form of the `quen
hed'magneti
 di�usivity in 2D MHD:�T � �k1 +RmV 2A0=h eV 2i ; (9.21)where �k is the familiar kinemati
 di�usivity �k � h eV 2i�
 (Pouquet, Fris
h& L�eorat 1976). In the interesting limit where RmV 2A0=h eV 2i � 1, the 
or-responding limit of equation (9.21) 
an be obtained dire
tly from the Zel-dovi
h theorem, with the additional reasonable assumption of approximateequipartition, so that �T � �h eV 2i=hBi2.The main issues to be addressed here are:(i) just what exa
tly is �
 and how is it determined?(ii) what are the e�e
ts of Rossby wave 
oupling on spe
tral transfer ofh eA2i?Regarding (i), we have previously dis
ussed the physi
s of �
, whi
h isAlfv�eni
 propagation along a 
u
tuating network of sto
hasti
 magneti
�elds, so 1=�
k = �!k = k eVA. Note that �
 is itself ne
essarily slowly time-dependent. To assess the e�e
ts of Rossby 
oupling (i.e. item (ii)), a 
losure
al
ulation is ne
essary.Here, we present an eddy-damped quasi-normal Markovian (EDQNM) 
lo-sure 
al
ulation of Tk for �-plane MHD. The EDQNM 
losure develops a setof 
oupled spe
tra equations from the assumption of weakly non-Gaussianmode amplitude statisti
s and from physi
ally motivated 
hoi
es (furtherdetails 
an be found in Orszag 1970; Pouquet 1978).
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ho
line 19Writing Tk asTk = �Xk0 (k � k0 � bz)( eA�k e �k0 eA(2)k+k0 + eA�k eA�k0 e (2)k+k0)� Xp;qp+q=k(p � q� bz) e �p eA�q bA(2)p+q�; (9.22)we seek to 
al
ulate eA(2)k+k0 and e (2)k+k0 su
h that Tk is independent of 
u
-tuation phase. The 
al
ulation is simpli�ed by taking hV � Bi = 0 andignoring hBi relative to eBrms, whi
h amounts to negle
ting linear Alfv�enwave propagation in 
omparison to sto
hasti
 Alfv�eni
 de
orrelation (i.e.sin
e kVA0 < �!k). Thus, eA(2)k+k0 and e (2)k+k0 are written as:eA(2)k+k0 = Z t�1 dt0e��!k+k0 (t�t0)(k � k0 � bz) e k0(t0) eAk(t0); (9.23)e (2)k+k0=Z t�1dt0e�(i!k+k0+�!k+k0)(t�t0)(k � k0 � bz)(k2�k02)k002 eAk0(t0) eAk(t0):(9.24)eA(2)p+q is identi
al to eA(2)k+k0 , up to a re-labeling. The two-point time 
orrela-tors for e and eA (here written for some generi
 �eld F ) are taken to havethe approximate stru
ture:hF �k(t)Fk(t0)i = jFk(t)j2e�(i!k+�!k)(t�t0): (9.25)Here, rapid de
ay on the (�!k)�1 time s
ale a

ounts for de
orrelationof resonant triads due to nonlinear s
rambling, while the slower envelopebehavior (i.e. jFk(t)j2) a

ounts for evolution of the spe
trum in time. Givenall this, it follows that the renormalized h eA2ik transfer rate Tk is given by:Tk = Xk0 (k � k0 � bz)2�Ak;k0;k+k0 j e k0(t)j2j eAk(t)j2+ Xk0 (k � k0 � bz)2� k;k0;k+k0�k2 � k02k002 �j eAk0(t)j2j eAk(t)j2� Xp;qp+q=k(p � q� bz)2�Ap;q;k0j e p(t)j2j eAq(t)j2; (9.26)where k002 = (k+ k0)2 and�Ak;k0;k+k0 = <� i((!k + !k0) + i(�!k +�!k0 +�!k+k0))�; (9.27)� k;k0;k+k0 = <� i((!k + !k0 � !k+k0) + i(�!k +�!k0 +�!k+k0))�: (9.28)
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oheren
e time for the �rst and third termsin the expression for Tk while � represents that for the se
ond. Equa-tions (9.26), (9.27) and (9.28) then give the full result for the renormalizedh eA2ik transfer rate, Tk.Several aspe
ts of equations (9.26) { (9.28) merit dis
ussion at this point.First, note that Tk has the usual stru
ture of 
oherent damping terms (i.e.the �rst two) 
ompeting against in
oherent emission (i.e. the third; Krai
h-nan 1959). The 
oherent damping terms determine the e�e
tive turbulentmagneti
 dissipation. Thus, we have the turbulent magneti
 di�usivity:�T �=Xk0 k02[�Ak;k0;k+k0 j e k0(t)j2 � � k;k0;k+k0j eAk0(t)j2℄: (9.29)Here we have taken jkj � jk0j, (i.e. we 
onsider the dissipation of largers
ales than the s
ale on whi
h the system is for
ed) so (k2� k02)=k002 ! �1.It is not surprising to see that �T for �-plane MHD is quite similar to its
ounterpart for 2D MHD, apart from the triad 
oheren
e fa
tors �A and� , whi
h 
ontain the wave frequen
y 
ontributions. Note that there isa slight di�eren
e between the frequen
y dependen
ies of �A and � . Inparti
ular, � is 
onsiderably more sensitive to Rossby wave dispersion, inthat !k + !k0 ' 0 is easily satis�ed but triad resonan
e, as in � , is not.A detailed quantitative study of the impli
ation of �A 6= � is beyond thes
ope of this 
hapter.Several aspe
ts of equation (9.29) merit further dis
ussion, as well. First,and most important, it is easy to see that for �! > !k+!k0;�! > !k+!k0�!k+k0 (where �! refers to the sum of the three model de
orrelation rates in�A and � ) equation (9.29) passes smoothly to results previously obtainedfor 2D MHD with � = 0 (Diamond et al. 2005a). This limit 
orresponds tolength s
ales ` < `RM . Thus, existing results from the theory of turbulentdi�usion of magneti
 �elds in 2D MHD predi
t that the horizontal turbulentresistivity �T is (strongly) quen
hed, in 
omparison to kinemati
 turbulen
epredi
tions, i.e. �T = �k1 +RmV 2A0=h eV 2i : (9.30)For RmV 2A0=h eV 2i > 1, �T is well approximated by �T � �h eB2i=hBi2. Forh eV 2i � h eV 2Ai, these are equivalent to �T � �h eV 2i=V 2A0. The reader shouldtake note, however, that while �h is quen
hed relative to the standard kine-mati
 estimates, it still greatly ex
eeds the 
ollisional magneti
 di�usivity�, sin
e h eB2i � hBi2 et
. Thus, turbulent horizontal di�usion of magneti
�elds may still be a signi�
ant me
hanism for dissipating magneti
 energy
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ho
line 21in the solar ta
ho
line. We will dis
uss this issue further in the 
on
ludingse
tion.Having addressed the question of turbulent resistivity, we now 
onsiderthe physi
s of turbulent vis
osity and turbulent momentum transport in�-plane MHD. Re
all that in the S.-Z. s
enario of ta
ho
line formation,the ta
ho
line lo
ation in the solar 
ore is determined by the balan
e ofburrowing with horizontal transport (in latitude) of momentum. In �-planeMHD, the mean azimuthal 
ow evolves a

ording to��thVxi = ���y �h eVy eVxi � h eBy eBxi4��0 �; (9.31)where we have ignored mole
ular vis
osity and the momentum sour
e re-lated to burrowing. Also, here �0 is taken as a 
onstant as we 
onsiderin
ompressible 2D dynami
s. Note that in MHD, the net 
ux transport isdetermined by the di�eren
e between 
uid and magneti
 stresses. Thus, in aperfe
tly Alfv�enized state the total momentum 
ux vanishes. Of 
ourse, thetraditionally invoked turbulent horizontal vis
osity �h is based upon a `mix-ing length' approximation to the 
uid stress h eVy eVxi, whi
h is 
onstru
ted byasserting that 
u
tuations in eVy o

ur via mixing of hVxi, i.e.eVy = hVx(y � `)i � hVx(y)i�= �`�hVxi�y ; (9.32)so h eVy eVxi = �( eVx`)�hVxi�y� ��h�hVxi�y : (9.33)Here ` is the mixing length. Note that the main novel feature in the 
aseof MHD is the 
ompetition between the two stresses. Thus, we fo
us ourattention on this 
ompetition. It is useful to split the integration over s
ales(impli
it in the averages in equation (1.31)) into ranges of k< and k>, wherethe k<-range in
ludes all k su
h that jkj < kRM = 2�=`RM and the k>-range in
ludes all k su
h that jkj > kRM . Thus, the k>-range 
orrespondsto the range of forward 
as
ading of energy in 2D MHD turbulen
e for whi
hwave intera
tions are subdominant, while the k<-range is the range wherenonlinear transfer et
. are 
ontrolled by Rossby-Alfv�en wave intera
tion (seeFigure 9.5). Denoting the total momentum 
ux by �v, we thus 
an write:�hVxi�t = � ��y�v



22 P. H. Diamond, S.-I. Itoh, K. Itoh & L. J. Silvers= � ��y�Xk< �vk +Xk> �vk�; (9.34)where �vk = �kxky(j kj2 � jAkj2) (9.35)and the y-dependen
e of �v is, by de�nition, `slow', as it 
orresponds tovariation on s
ales larger than those typi
al of the turbulen
e.We now dis
uss the 
ontributions to the momentum 
ux 
oming from thek> and k<-ranges. The k>-range exhibits two-dimensional MHD-like tur-bulen
e dynami
s. One of the most robust features of 2D MHD is the trendtoward approximate equipartition between hydrodynami
 and magneti
 en-ergy on inertial range s
ales, i.e. j eVkj2 ' j eBkj2 (Pouquet 1978). This isyet another manifestation of `Alfv�enization', a ubiquitous feature of MHDturbulen
e. Apart from a small `residual energy', signi�
ant departure fromequipartition is due only to those e�e
ts whi
h for
e an imbalan
e between
uid and �eld, su
h as deviation of the magneti
 Prandtl number from unity(i.e. Pm 6= 1), di�eren
es between h ef2ik; h ef2a ik, et
. In the ta
ho
line Pm � 1but not drasti
ally so, and h ef2ik; h ef2a ik must have �nite 
orrelation, as bothare due to 
onve
tive overshoot and its 
onsequent entrainment of 
onve
-tion zone magneti
 �elds. Thus, it seems eminently reasonable to expe
tsigni�
ant 
ompetition and 
an
elation between 
uid and magneti
 stressesin the k>-range, resulting in a substantial shortfall in turbulent momen-tum transport, relative to expe
tations. This tenden
y toward 
an
elationis a trivial 
onsequen
e of the 
uid and magneti
 stresses tending towardequality and entering �v with opposite sign. Thus, we 
an write �v> , themomentum 
ux due to 
u
tuations in the k>-range, as�v> =Xk> �kxkyrkj kj2 ' rh eVy eVxi; (9.36)where rk � 1, and is the `residual' fa
tor, dependent upon the quantities
ausing imbalan
es, so that,rk = rk(Pm; h ef2i; h ef2a i; :::) � 1; (9.37)means that the mean 
ow is e�e
tively `laminarized', and the turbulentvis
osity (due to jkj > kRM ) is e�e
tively `quen
hed' (note that the signof rk may vary with k). The redu
tion of momentum transport due toAlfv�enization of turbulen
e is well known in the 
ontext of the theory of`!-quen
hing' (Craddo
k & Diamond 1991; K�uker, R�udiger & Kit
hatinov1993; Kim & Dubrulle 2001; Kim, Hahm & Diamond 2001) and in relation tothe redu
tion of the rate of zonal 
ow generation as drift-Alfv�en turbulen
e
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ho
line 23be
omes more Alfv�eni
 in 
hara
ter (Naulin et al. 2005). The upshot of thistrend is that the 
ontribution of the k>-range to �h will likely be feeble inthe absen
e of some me
hanism whi
h feeds the imbalan
e between 
uid andmagneti
 energies, su
h as the magneto-rotational instability.On s
ales jkj < kRM (i.e. in the k<-range), the 
u
tuation 
hara
teris-ti
s are predominantly those of Rossby waves, with quite modest magneti
perturbations. The wave turbulen
e nature of the k<-range 
u
tuationspre
ludes dire
t appli
ation of the `
onventional wisdom' of strong hydro-dynami
 turbulen
e in 2D. Here, we explore the intera
tion of an ambientRossby wave spe
trum with a weak, large s
ale `test' shear spe
trum as ameans to as
ertain the nature of the e�e
tive vis
osity of a Rossby wavegas. Spe
i�
ally, should the waves gain energy from the shear, the e�e
tivevis
osity is positive, while if the waves lose energy to the shear, the e�e
tivevis
osity is negative. Therefore, we pro
eed by examining the modulationalstability of an ambient spe
trum or gas of Rossby waves to a large s
aleshear 
ow perturbation (Diamond et al. 2005b).Noting that large s
ale magneti
 
u
tuations are weak, that the Rossbywave energy density Ek = k2j kj2, and 
onsidering a weak, large s
ale test
ow ÆVx, we have from equation (9.31),��tÆVx = ��yXk< kxkyk2 eEk; (9.38)where eEk indi
ates the modulation in the wave energy indu
ed by ÆVx. Sin
ethe Rossby wave population density N is simply the enstrophy density(Dubrulle & Nazarenko 1997), we 
an re-write equation (9.38) as��tÆVx = ��yXk< kxkyk4 eNk; (9.39)where � eN�t + vg � r eN + Æ!k eN = �(kxÆVx)�y �hNi�ky (9.40)is the linearized wave kineti
 equation for eN . The wave kineti
 equation sim-ply states that wave population density is an adiabati
 invariant for slowlyvarying, large s
ale shear 
ows and is 
onserved along rays, up to s
ram-bling. The population perturbation varies adiabati
ally with the large s
ale
ow perturbation. Here Æ!k a

ounts for the �nite lifetime of a wave pa
ketindu
ed by nonlinear s
rambling, vg is the pa
ket group velo
ity, and hNi isthe mean Rossby wave enstrophy spe
trum. Note that equation (9.40) de-
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Fig. 9.6. A 
artoon showing the development in time of the large s
ale portion ofthe energy spe
trum for �-plane MHD turbulen
e. Note that sin
e the Rossby waves
ales satisfy `R < `RM < `f and sin
e the MHD energy 
as
ade is forward from`f , the spe
tral slope is non-negative in the Rossby wave dominated range of s
ales.Note that s
ale de
reases towards the right.termines the modulation in N indu
ed by the weak `test' shear 
ow. WritingÆVx =Xq;
 eVq;
ei(q�x�
t); (9.41)a straightforward 
al
ulation gives=f
qg = �q2yXk �k2xkyk4 � Æ!k(
� q:vgr)2 + Æ!2k �hNi�ky ; (9.42)as the rate of growth of the test shear. Thus, for �hNi=�ky < 0 the shearis ampli�ed, hen
e indi
ating a negative vis
osity. Note this is the 
ase forthe forward enstrophy 
as
ade range, for whi
h �hNi=�k < 0. However,if �hNi=�ky > 0, the shear gives energy to the turbulen
e (i.e. the shearis damped), so the e�e
tive vis
osity is positive. In the likely event thatthe for
ing spe
trum h ef2ik peaks on small s
ales, i.e. on ` < `RM , the k<-range is energized by the ba
ks
atter of energy toward large s
ale Rossbywaves, as shown in Figure 9.6. The enstrophy is thus ne
essarily in
reasingwith k in the k<-range, so �hNi=�ky > 0 is possible there and the e�e
tivevis
osity would therefore be positive. The value of �h departs 
onsiderablyfrom simplisti
 expe
tations and is smaller than standard estimates by thefa
tor (Æ!=qvgr)2 < 1.At this point it seems fair to say that the nature of the e�e
tive tur-bulent vis
osity of �-plane MHD turbulen
e is a subtle question, indeed!
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ho
line 25Having divided the set of s
ales available to ex
itation into two 
lasses, thek<-range and the k>-range, we have seen that the (dire
tly ex
ited) k>-range 
ontributes little to the turbulent vis
osity, on a

ount of the pro
essof Alfv�enization and the 
onsequent near-
an
elation of 
uid and magneti
stresses. Rossby wave turbulen
e in the k<-range generates a positive vis-
osity, but one whi
h is small in (Æ!=qvgr)2. Thus, the e�e
tive turbulentvis
osity is substantially redu
ed or quen
hed, in 
omparison to expe
ta-tions. It is also amusing to note that our predi
tions 
on
erning �h disagreewith those of both Spiegel & Zahn and Gough & M
Intyre! Re
all thatS.-Z. assume a positive vis
osity, linked to ta
ho
line ex
itation by plumesand to various large s
ale 
ow pro�le driven instabilities, whi
h were sub-sequently investigated in some detail (Chaboyer & Zahn 1992; Zahn 1992).Building upon the 
onventional intuition for 2D quasi-geostrophi
 turbu-len
e, G.-M
I. argue that hydrodynami
 turbulen
e will produ
e a negativevis
osity, and will drive potential vorti
ity homogenization (Rhines & Young1982). G.-M
I. then use this argument to further 
laim that hydrodynami
turbulen
e 
annot sustain a stationary ta
ho
line against spin-down driven`burrowing', thus bolstering their argument that a magneti
 �eld must existin the radiative 
ore of the Sun in order to restri
t ta
ho
line penetration.We argue, however, that most s
ales (`<�`RM ) 
ontribute essentially nothingto turbulent vis
osity, sin
e Alfv�enization of the �-plane MHD turbulen
eresults in near-
an
elation of 
uid and magneti
 stresses, as in the 
ase of!-quen
hing. We do suggest the possibility that energy ex
hange betweenthe large s
ale Rossby wave spe
trum and the mean 
ow may persist. Thisintera
tion may be (loosely) thought of as a `vis
osity'. However, in 
ontrastto the standard simple mixing models, su
h wave-
ow intera
tion is quitesensitive to the stru
ture of the Rossby wave spe
trum at large (` > `RM )s
ales. The wave spe
trum stru
ture in this range emerges from sto
hasti
ba
ks
atter from smaller s
ales.9.5 Dis
ussion and Con
lusionsThis paper has dis
ussed the physi
s of turbulent dissipation in the solarta
ho
line. In this paper, we have identi�ed �-plane MHD as the `mini-mal model' of ta
ho
line turbulen
e, and have investigated the me
hanismsof energy transfer, turbulent transport and dissipation of me
hani
al andmagneti
 energy a

ording to this model. The prin
ipal results are:(i) a key s
ale, `RM , that demarks the boundary between 2D MHDdynami
s and Rossby wave dynami
s was identi�ed. This s
ale is
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ale, familiar from hydrodynami
geostrophi
 turbulen
e. However, for ` < `RM , a forward 
as
ade ofenergy o

urs in �-plane MHD. Moreover, `RM depends upon mag-neti
 Reynolds number Rm;(ii) turbulen
e on s
ales ` < `RM tends to `Alfv�enize', and thus will notsubstantially mix and transport momentum. These s
ales do not
ontribute to �h. This is a 
onsequen
e of 
lose 
ompetition between
uid and magneti
 stresses. Some momentum transport due to thenonlinear intera
tion of large s
ale Rossby waves may o

ur;(iii) turbulent resistivity is quen
hed in �-plane MHD, as in 2D MHD.However, even the `quen
hed' �h greatly ex
eeds the 
ollisional resis-tivity. Thus, turbulent horizontal di�usive dissipation (�h) of mag-neti
 �elds in the ta
ho
line may pose a signi�
ant limitation onta
ho
line penetration.The impli
ations of these results for ta
ho
line formation models requiresome dis
ussion. Indeed, the results and ideas presented here may not bea wel
ome addition to the theory of the solar ta
ho
line! The `turbulenthorizontal vis
osity' invoked in the S.-Z. s
enario is problemati
. `Generi
'turbulen
e on s
ales ` < `RM will not signi�
antly mix or transport mo-mentum to a large extent. Rossby waves on s
ales ` > `RM may drivesome transport, but this pro
ess is very sensitive to the stru
ture of theRossby wave spe
trum and depends upon the large-s
ale, low-energy tail ofthe spe
trum, about whi
h very little is known. Alternatively, some 
owpro�le-driven instability may produ
e a �h, but despite extensive study, thespe
i�
 me
hanism involved has yet to be identi�ed. Also, proponents ofthis type of vis
osity me
hanism must explain why su
h an instability willnot simply hover near marginality, produ
ing a state of `self-organized 
rit-i
ality' rather than steady vis
ous dissipation (Diamond & Hahm 1995).Work on simple systems has shown that transport and relaxation in a 
on-tinuum SOC are not well modeled by simple di�usion (Hwa & Kardar 1992).Thus, 
onsiderable 
lari�
ation of the dynami
s underlying the `horizontalvis
osity' invoked in the S.-Z. s
enario is ne
essary in order to solidify thefoundations of that model.In the 
ase of the G.-M
I. s
enario, the prin
ipal e�e
t of turbulen
e isto introdu
e turbulent horizontal di�usion of magneti
 �elds, so that thebalan
e of shearing of poloidal �eld B0 with dissipation of toroidal �eld B now be
omes
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ho
line 27�B0 sin �� �
�� = ���2r + �T�2h�B ; (9.43)where �h refers to a horizontal derivative. Here �T =� � h eB2i=hBi2 � Rm,so even the `quen
hed' turbulent resistivity greatly ex
eeds the 
ollisionalvalue. The `bottom line' here is that for �T =� � Rm > r20=�2T , where r0is the ta
ho
line radius and �T its thi
kness, turbulent horizontal di�usionof magneti
 �elds will dissipate magneti
 energy faster than radial 
olli-sional resistive di�usion does, as assumed in the G.-M
I. s
enario. Sin
er0 � 0:7R� and �T � 0:03R�, in pra
ti
e this means that for Rm>�500(
ertainly satis�ed in the solar ta
ho
line!) horizontal turbulent di�usion isthe dissipation pro
ess whi
h limits ta
ho
line burrowing. Here Rm is, of
ourse, the Reynolds number for the horizontal motion, i.e. Rm = vhl=�.Hen
e, the s
aling of the ta
ho
line thi
kness and its dependen
e on B0(predi
ted by Gough & M
Intyre) should be re
onsidered in the light of thisobservation.This paper poses more questions than it answers. Indeed, it should beviewed only as an introdu
tion to the problem of �-plane MHD turbulen
e inthe ta
ho
line. Several future investigations are strongly suggested. Thesein
lude, but are not limited to:(i) 
ompletion of a rigorous analysis in the vein begun here, and a

om-panied by related numeri
al simulations whi
h test the theory;(ii) examining the e�e
ts of h ef efai 6= 0 
orrelations and �nite 
ross heli
ityon the turbulent dissipation pro
esses (Bra

o et al. 1998);(iii) study of a two-layer �-plane MHD model, in whi
h only the upperlayer is for
ed by 
onve
tive overshoot;(iv) extension of this study to geostrophi
 MHD turbulen
e on a sphereand in a spheri
al shell. In this regard, we note that the existinglarge s
ale numeri
al 
al
ulations of ta
ho
line dynami
s are purelyhydrodynami
 (Mies
h 2001, 2003 and Chapter 5);(v) 
onsideration of large s
ale 
ow stru
ture and its 
oupling to ta
ho
lineturbulen
e dynami
s (Gilman & Fox 1997);(vi) study of the types and physi
s of 
oherent magneti
 stru
tures formedin ta
ho
line turbulen
e. Su
h stru
tures may have the form of mag-neti
 vorti
es (Kinney, M
Williams & Tajima 1995; Gruzinov, Das& Diamond 2002) or zonal magneti
 �elds (Gruzinov et al. 2002). Ithas been suggested that magneti
 stru
tures formed in the ta
ho
linemay leave an `imprint' on the magneti
 �elds ultimately observed inthe photosphere (Spiegel, private 
ommuni
ation);
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onsideration of the e�e
ts of ta
ho
line turbulen
e and 
ow stru
tureon the solar di�erential rotation (Itoh et al. 2005);(viii) study of the dissipation of magneti
 �elds by verti
al mixing in thestably strati�ed ta
ho
line. Internal wave intera
tion is a possibleagent of su
h mixing.Of 
ourse, more 
onsideration should also be given to the physi
s of verti
almixing in the strong, stable strati�
ation environment of the ta
ho
line. Inparti
ular, the e�e
ts of wave intera
tions on verti
al transport of magneti
�elds and on verti
al momentum transport (in
luding possible `negative vis-
osity e�e
ts') merit further investigation. We hope that su
h studies willhelp elu
idate the stru
ture of the solar ta
ho
line.A
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